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Abstract

In this paper we formulate a nonlinear elasticity theory in which the ambient space is evolving. For
a continuum moving in an evolving ambient space, we model time dependency of the metric by a time-
dependent embedding of the ambient space in a larger manifold with a fixed background metric. We derive
both the tangential and the normal governing equations. We then reduce the standard energy balance
written in the larger ambient space to that in the ambient space with an evolving metric. We consider
quasi-static deformations of the ambient space and show that a quasi-static deformation of ambient space
results in stresses, in general. We linearize the nonlinear theory about a reference motion and show that
variation of the spatial metric corresponds to an effective field of body forces.

Keywords: Geometric mechanics, nonlinear elasticity, deforming ambient space.
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1 Introduction

In the geometric theory of elasticity, an elastic body is represented by a material manifold, B, which defines
the natural, stress-free state of the body. The body moves in an ambient space, which in turn is represented by
a spatial manifold, S. The motion of the body is described by a time-dependent configuration map ¢; : B - S
from the material manifold to the spatial manifold.

The manifolds B and S are not simply differential manifolds, but have further geometric structures that
allow one to measure the amount of stretch in the body for a given configuration. While more general geometric
structures involving torsion and non-metricity are used in general (see [Yavari and Goriely, 2012a,b,c, 2014] for
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recent work), in this paper, we restrict our attention to Riemannian manifolds: we assume that both B and S are
Riemannian, with metric tensors G and g, and the associated Levi-Civita connections V¢ and V9, respectively.
For a given configuration, these Riemannian structures allow one to evaluate the spatial distances between the
points of the body, and distances given by the material metric. A discrepancy between these two types of
distances signifies a strain in the body from its natural, stress-free state, and hence results in stresses. The
material and spatial distances can be unequal even for a body at rest, without any external forces applied—this
is the case of residual stresses. This viewpoint has been explored for thermal stresses and for growing bodies in
[Ozakin and Yavari, 2010; Sadik and Yavari, 2015] and [Yavari, 2010; Sadik et al., 2015], respectively. Certain
non-elastic deformations of a material can be described by a time-dependent material metric, g,; for the case
of thermal expansion, the material metric has been related to the (possibly evolving) temperature distribution
in [Ozakin and Yavari, 2010; Sadik and Yavari, 2015].

In this paper, we take the material metric as fixed, but consider an evolving spatial metric, g,. In the
geometric field theory of elasticity [Marsden and Hughes, 1983; Simo and Marsden, 1984b; Yavari et al., 2006],
the spatial metric g, is introduced as a fixed background geometry. Likewise, in the classical theory of nonlinear
elasticity, this background metric is a given geometric object with no dynamics; g, is “absolute” in the sense
of Anderson [1967] and is a “structural field” in the sense of Post [1997]. Our motivation to study the effects
of a time-dependent spatial geometry stems both from the hope of a deeper understanding of the structure of
the classical theory,! and from possible applications involving the analysis of elastic bodies constrained to move
on curved, dynamical surfaces. In order to have a sense of what to expect from such a theory, let us consider a
simple, two-dimensional example.

Fig. 1 shows a thin elastic strip constrained to move on the surface of a torus, which we treat as the ambient
space, S. We assume that there is no friction between the torus and the strip—the latter moves freely on the
torus, but cannot move away from it.2 Suppose that the torus is expanding in time in a pre-determined manner,
and consider the motion of the strip in this dynamic ambient space. Our aim is to investigate this dynamics in
terms of the intrinsic geometry of & and forces that “live” on this surface, to the extent possible. It is evident
that the strip will stretch and thus will store elastic potential energy as the torus expands, even though it does
not see any sources of external forces in the ambient space it observes. Thus, the energy balance written inside
the torus (without any reference to the surrounding Euclidean R?) will suggest a non-conservation of energy. In
this example, we know the missing piece in the energy balance; it is simply the work done by the normal forces
needed to expand the torus with the strip on it. Our aim is to obtain general equations describing the motion
of an elastic body moving in such an evolving ambient space, and investigate such issues as energy balance and
Lagrangian mechanics.

Implicit in this discussion of Fig. 1 is the fact that the ambient space S is considered as an embedded
submanifold of R?, instead of simply as a Riemannian manifold in its own right. While it is possible to
consider the dynamics of a body in an ambient space which is described purely intrinsically in terms of the
time-dependent metric g,, we will see that there are several advantages to considering the motion in terms
of a time-dependent embedding in a larger, static space. For one, it will be possible to identify the missing
part in the intrinsic energy balance as work done by/on the outside forces trasforming the ambient space S,
as the discussion above suggests. In addition, the dynamics in a time-dependent submanifold also results in
fictitious forces that cannot be obtained purely from the intrinsic geometry—forces that depend explicitly on
the embedding. We will identify the effects of the intrinsic and the extrinsic geometries of S below.

The notion of a time-dependent ambient space also shows up in the theory of general relativity. While
there are connections between the theory of elasticity developed in this paper and general relativistic continuum
mechanics, we will leave the discussion of these issues to a future communication, focusing on the non-relativistic
case exemplified by the case of Fig. 1 in this paper.

This paper is organized as follows. In §2, we first formulate a Lagrangian field theory of elasticity when
ambient space has a time-dependent background metric. We then show that for an elastic body moving in an
evolving ambient space energy balance must be modified and obtain a modified energy balance when spatial
metric is time dependent. We do this by considering a time-dependent embedding of the ambient space in a

IThe generalization of a theory obtained by relaxing certain standard assumptions (in this case, the staticity of g,), commonly
results in a deeper understanding of the original theory. Examples of this include the geometric notions of stress and traction
obtained by allowing the spatial metric to be non-euclidean.

21t may be helpful to imagine the strip as moving between two tori of infinitesimally different sizes, so that the strip is constrained
from both sides.
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Figure 1.1: A thin strip embedded in a toroidal ambient space is stretched when the ambient space deforms.

larger manifold and the standard energy balance written in the larger manifold. We reduce the energy balance
to that written by an observer in the evolving ambient space. We then study consequences of covariance of
energy balance when ambient space deforms in time. In §3 we look at quasi-static deformations of the ambient
space and the induced stresses. We linearize the governing equations and show that a quasi-static deformation
of the ambient space is equivalent to an effective body force in a fixed ambient space.

2 DMotion of an Elastic Body in an Evolving Ambient Space

In this section, we study the motion of an elastic body moving in an evolving (time-dependent) ambient space.
We will derive both tangential and normal governing equations of motion, balance of mass, and energy balance.

2.1 Lagrangian Field Theory of Elasticity in an Evolving Ambient Space

We identify the reference configuration of an elastic body with a Riemannian manifold (B, G) and let the body
deform in a time-dependent ambient space &; , which is evolving in a Euclidean space (Q, h) of higher dimension.
The evolution of the ambient space S; is given by a time-dependent embedding v, : S - Q, for some manifold
S,? such that v, (S) = S;, and the evolving metric of the ambient space S is given as the induced metric by
that of Q, i.e., g, == h, i.e., 1; is an isometric embedding.? See Fig. 2.1. We denote inner products of vectors
with respect to the metrics h and g, by (-,-));, and (-,-),, , respectively. Let dimS; =n, and dim Q=n+k=m.
Let {n,}i-1,...r be a smooth orthonormal basis for X*(S;), the set of vector fields normal to S;. Recall as
discussed in Appendix A that every vector field u on S; can be written as u = u) + Y& u'n; , where (.)y is the
tangential part of the vector (.) with respect to S;, and that for 4,5 € {1,...,k}, we have <<17i,nj >>h = 0;; and
<<ni7u|| >>h =0. Forie{l,...,k}, we denote the i*" second fundamental form of S; along the i'" unit normal
n; by k). We define a motion of (B,G) in (St, h|5t) as a one-parameter family of maps ¢; : B - &;, where
t is time, which is equivalent to a motion of (B,G) in (S,g,) : ¢:: B — S, such that ¢; = ¢; ' o @;. We let
(X, t) = @ge(X), o(X,t) == (X)), and (z,t) := ¢ (z). We denote the local coordinates on B, S, and Q by
{X4}, {22}, and {x“}, respectively. Let {x®} be a local coordinate chart for Q such that at any point of Sy,
{x',...,x"} is a local coordinate chart for S; and such that the unit normal vector field n, , for i € {1,....;k} is
tangent to the coordinate curve x"**, for i € {1,...,k}. Note that at any point of S;, we have ha(n+iy = Sa(n+i) »
for i € {1,...,k} and a € {1,...,m}. We denote the connection coefficients for the Levi-Civita connections V"
and V9t corresponding to the metrics h and g, by 73, and *y]"-k , respectively.

In order to describe the dynamics of the motion of B, the Lagrangian field theory should be formulated with
respect to the fixed space Q. For an elastic material, the Lagrangian density £ can be written as

[::L(X7¢7<;7F7G7h)7

where F = Tpr =Y. F and F = T, are the deformation gradients of ¢; and ¢y, respectively. We assume that
the Lagrangian density can be written as

L= ool O~ poW (X, F. G ), (2.1)

3We can for example take S = St for some fixed time ¢, .
4Note that following Nash [1956]’s embedding theorem, such an isometric embedding always exists for dim Q large enough.



2.1 Lagrangian Field Theory of Elasticity in an Evolving Ambient Space 4

Pt
(B,G) /
th S cQ
(Q,h)
M
(S,9:)

Figure 2.1: Motion of an elastic body in an evolving ambient space.

where pg is the material mass density, Y := gb =1 V + € oy is the material velocity vector field of ¢, V' is the
material velocity vector field of ¢, ¢ = 01/0t is the velocity of a given, fixed point x € S as it moves in Q, and
W =W(X,F,G,h) is the elastic energy density (energy function).

Remark 2.1. Note that since g, := ¥/ h, i.e., ¢ is an isometry between (S, g,) and (S, h), by objectivity (the
isometry 1/; can be interpreted at as a change of observer), the dependence of the elastic energy on F' = 1y, F
reduces to a dependence on F' only, and it should also depend on G and g, (instead of h) so that one can get
a scalar out of F'. Hence, we have®

W(XaFaG,h):W(X7F7Gagt)' (22)

For a continuum with body forces 3 (not necessarily conservative), the Lagrange-d’Alembert principle states
that [Marsden and Ratiu, 2003]

t1 t1
5 f [ LdVdt + / f poBt 03] dVdt =0, (2.3)
t() B t() B

where ® denotes the flat operator for lowering tensor indices, 3 denotes body forces per unit deformed mass,
and J denotes the Jacobien of the deformation ;. Note that 3 is not necessarily tangent to S; and we write it
as 3 =0+ Zi—il b'n, , where By is the part of B tangent to S, and b', for i e {1,...,k}, is its components along
the 7*" normal n,. The action is defined on the material manifold (B, G) as

S(¢) = f: fB L(X, 3,6, F,.G,h)dV(X)dt, (2.4)

where dV (X)) is the Riemannian volume element on B. For the assumed Lagrangian (2.1), we have S = Sp+Sw,
where

Se= [ [ 3 C D) av(X)ar,

t1
Sw== [ [ W (X.F.G.g)aV(X)t.
to

5 Another way to see this is by looking at the elastic energy as a function of the right Cauchy-Green tesnor, i.e., W = V~V(~X, C, Q).
First, we see that since g, := ] h, then (¢t 0 pt)* h = @iy h = }g,, i.e., the right Cauchy Green tensors C of ¢ and C of @; are
equal. If we denote f := T%;, we write in components Cap = fo‘aF“Af*BbeBha[; = F“AFbe"‘afBbhaﬂ = FO4FPggap = Can -
Therefore W = W(X, C, G) = W(X, C,Q), that is, the elastic energy does not depend on the embedding v .
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In order to take variations of the action (2.4), we consider a variation field @, of ¢ such that ¢y = @ and

define its variation as
o d
14 de

First, we look at the resulting variations of the kinetic energy

Pe -
e=0

d
Ty, - (i),

where D? denotes the covariant derivative along the curve e » @, (X, t) for fixed X and ¢. Using the symmetry

lemma, we have D*¢_ = DP§@, where D® denotes the covariant derivative along the curve ¢ + ¢ (X, t) for fixed
X . Therefore, we can write

%% (XX, = (DRs5, Y,

_4

4t (980 = (05, D X)), -

Assuming that the variation of ¢ is fixed at ¢y and ¢ , i.e., 6@(tg) = d@(¢1) = 0, the first term on the right-hand
side does not contribute to the action. We decompose the velocity Y into tangent and normal components as
Y =" +7,, where Y| = ¢,V +(jand ¥, = Zfﬂ ¢'n;, such that ¢ is written in terms of its tangent and

normal components as ¢ = ¢ + Zle ¢'n,. We denote the acceleration in Q by T' = D?T and decompose it into

tangent and normal with respect to Sy as I' = ' + Zle I'n,. We denote by A =} I') the intrinsic acceleration
of §. The variation of the kinetic energy is calculated as

(5000010 ) = 5 405, 00T Dy = (660, 0T ) - 0 D T3

i=n+1

d . g~ i i
= = (02,07 ), = (0700, po ANy —po 3 T'6¢",
g i=n+1

where §¢) is the part of d¢ tangent to S; and 5 is its component along 7, , for i € {1,...,k}. Assuming that
the variation of ¢ is fixed on the boundary, i.e., 0@|s,(5) = 0, we obtain

tl m . .
0S5 =~ [to fB («WWMWOA»,;,, +po i}j;ﬂl“%@]éz‘j) dv(X)dt. (2.5)

Next we compute the components of the acceleration.

Proposition 2.1. The intrinsic (tangent) and extrinsic (normal) accelerations are

k .
A=D}(V+Z)+2).('g" kg (V+2)
i=1

(2.6a)
_ N9t ﬁ% _ g, 7b g "T
= DI (V+2Z)+g!- T (V+ Z) - (V z'+[vz'] ) (V+2),
;_dc ‘
D= ko (V+ 2.V +2), i=l..k, (2.60)

where DIt denotes the covariant deriative along the curve t = o (X, t) for fized X, Z = (i} oy is the
" g © tCp)ow

tangent part of the velocity ¢, and T denotes the transpose operator with respect to the metric g, . If the ambient
space evolution is transversal, i.e., Z =0, the tangent and normal accelerations read

ko o
A:thV+2Z<Zg"~k(i)t~V:thV+g"-%.V, (2.72)
=1
i d¢’ ‘
M=% ko (V,V), i=1,..k. (2.7b)

dt
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Proof: Recall that dimS; = n, and dim Q =n + k = m. Also, recall that we take {x®} to be a local coordinate
chart for Q such that at any point of Sy, {x?,...,x"} is a local coordinate chart for S; and such that the unit
normal vector field i, , for i € {1,...,k} is tangent to the coordinate curve x"** for i € {1,...,k}. Note that at
any point of S;, we have hg(n+i) = Sa(n+i), for i € {1,...,k} and a € {1,...,m}. In the local coordinate chart
{x“}, the acceleration I" in components reads

o ~Q dTa 2 ~ no& 1 & ~Q 1 ]
+ > 7 ﬁgrﬁrf’:ﬁwz 7% 5o TP + Zzl P 3oL (2.8)

,0=1 1,j=n+1

For o, <n+1andi,je{l,..,k}, denoting by K(;); the second fundamental form of S; along the normal n; so
that k), = 1 k(i) , we note the following

ks =h (Vo,m, 00}, =7
K@as = (Vo1 Oal)y, = = (00 Vo, 0a)), = —7'as -
We also have for o, <n+1 and ¢,5 € {1,....k}
755 = W7 (Vn,m;,08),,

~h? <<77j’ ﬁ"h‘aﬁ»h , since <<77j76,3>>h =
= —h*P (n; Vo, m»h , since for the coordinate basis Vi, 05 = Vo,m; .
= h*’ {(m:, ﬁaﬁn]‘»h ,  since <<7h‘v’7j »h =0ij,
= poP <<77i7 @nj 85>>h , since for the coordinate basis @@ﬁ n; = 677,- 0g,
= _hOé,B <<§"7_7‘ U 8B>>h ’ since «171'7 aﬁ >>h -
= —;)(/ajl .

However, since the connection is Levi-Civita, we have ¥%;; = ¥%;;. Hence, it follows that ¥%;; = 0. Similarly,
we can show that 4%;; = 0 for 4,j, k € {1,...,k}. We also see that for a,3<n+1 and i,j € {1,...,k}

:}/iaj = <<77j7 @maa»h == <<67]i"7j78a>>h = _:ngihozﬁ =0.
Therefore, it follows from (2.8) that

d’ra n n k )
= + )7 59T6T0+2ZZT’5(00‘6T57 for a<n+1,
B,60=1 B=11i=1 (2 9)
; dY? n Bt )
‘'=—- Z H(Z)ﬁgTT , 1=1,..k.
dt 592
Note that for a < n )
dye o . a
i 2 Ve TP = (u DI
B,0=1

where we recall that DY denotes the covariant derivative along the curve t = ¢ (X,t) for fixed X . Therefore,
(2.9) can be written as

k .
L= (D?T)” = e DT 0y + ZZ;ngg'K'(i)t X, (2.10a)
i=
hr)? dCZ .
F (D T) di K’(i)t (TH,TH) s ’LZl,...,k. (210b)

Denoting A = ;T and Z := ¢/, (2.10a) reads

k .
A=D}(V+2Z)+2) ('g" k- (V+2Z).
i1
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. ) T
We prove in Lemma A.1 that agt =2 Zle C'k@y +L£zg, =2 Zle C'k(iy + VI Z'+ [Vgt Zb] . Hence, we rewrite
(2.10) as follows

.
A=D (V+Z)+g“-%~(V+Z)—(Vgtz"+[vng"] )-(V+Z), (2.11a)
i d¢’ .

D=2k (V4 2,V +2), i=1,..k. (2.11D)

If the ambient space evolution is transversal, i.e., Z = 0, then the tangent and accelerations read

A= DgtV+2Z<g Ky -V =DV + gl 8@? v, (2.12a)

i d¢' .

D=2 ke (V.V), i= Lk, (2.12b)
[ ]

The variation of the elastic energy is calculated as

ow - OW
(SW = 7~1L "F e
oF " " on

where L,w denotes the Lie derivative of w with respect to w. However, note that for an arbitrary time-
independent material vector field U , one has

1L5¢h,

- d . = d d
LssFU = | — (¢ o @3t FU] :[ U] :[—NQ*U] =0. 2.13
56 [de (@eo@3t) I PR B e (2.13)
Thus, LssF = 0. We also obtain, by using (A.10) and similarily to (A.11), that
k .
Lg@h = 25¢h = l/}* (ﬂw*&ﬁ"gt +2 Z 5@lk(i)t) s (2.14)
i=1

where £ denotes the autonomous Lie derivative, 0@ is the part of §¢ tangent to 1;(S), and d¢,, is its normal
component. Therefore, recalling (2.2), it follows that

ow oW LA
oW = (9h |:¢* (1:1/, 5s0|\gt +2 Z (5<p k( )t)] 8g :(Ew*&ﬁugt +2 Z 5(p k(i)t) . (2.15)
i=1

Let us first assume that the variations of (¢ are tangent to Sy, i.e., §¢' = 0,Vi € {1,...,k}. Therefore, the
variation of the action associated with the elastic energy reads

t oW
6SW__£O [Bpoaig.slw(;@“gtd‘/dt.
T
Note, however, that y+s5,9; = Vgtl/)*&ﬁ'l’l + [Vgtw*&,bﬂ] . Hence, by symmetry of g, , we can write
t1
5SW:—f prOa—W:ngdJ*(SgZﬁdth
to B ag
ty
_f f Qpa—W:Vgtw*&ﬁﬁdvdt
to JouB)  Og
t1 ow
- 2p—— (V¥ 6 dvdt
~[t0 [Pt(B) pag (w wll)ab !
t1 8
f f div,, (2p ot 6<p”)dvdt+f f <<d (2p ) »* 5(p||>> dvdt
to pe(B) g,
t1
f [ ( W 6(,0”)~ndadt+f f <<div (2p8W) b 5@”» dvdt |
to Ape(B) to pi(B)
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where p is the mass density in S, divg, (surface divergence) denotes the divergence operator in (S,g;), and n
is the unit normal vector to d¢; (B) in S. Therefore, assuming that the variation of ¢ is fixed on the boundary,
i.e., 0@lp,(B) =0, we obtain

Sy = tOtl /%(B) <<d (2pa ) b &pu» dvdt. (2.16)

g
Hence, by (2.5) and (2.16), the Lagrange-d’Alembert principle (2.3) reads

t1 aW t1
—pA +div, (2025 ) w53, ))  dvdt f f b, 55, ) dvdt =0
fto fw(B) << paT wgt( P dg ) v QO”» vars to Jor(B) <<p ¥ <‘0||>>9t v

where b = "8 . Therefore, by arbitrariness of 6¢| , we obtain the following tangent Euler-Lagrange equations

g

divg, (2pa—W) +pb=pA, (2.17)
dg

T
where, as in (2.6a), A = DY (V +Z) + g*- 6“” (V+2Z)- (Vthb [ngZb] )‘(V+Z) . In terms of the

Cauchy stress tensor o = 2,0%—? , we have’®

divg, o+ pb=pA. (2.18)
In the particular case of a transversal evolution, i.e., Z = 0, the tangent Euler-Lagrange equations read
di 9. 8gt
ivg, o+ pb = pD; V +pg'- Y V. (2.19)

Note that in this case the tangent Euler-Lagrange equations (2.19) are intrinsic, that is, they can be written
in terms of the evolution of the intrinsic metric only and are independent of the extrinsic geometry and the
embedding ¥ .

Now, we assume that the variations of ¢ are normal to &, i.e., 6p) = 0. Using (2.5) and (2.15), we obtain
from (2.3), by arbitrariness of 6", the following normal Euler-Lagrange equations

W
- 2p08 k(z)t + pob = pol—‘Z t=1,..., k7 (220)

og
where, as in (2.6b), I'" = dd—ii ~k@y (V+2Z,V +2Z). In terms of the Cauchy stress, we have
—oikgy +pb = pl', i=1,.k. (2.21)

Remark 2.2. Eq.(2.19) is identical to the tangential component of Scriven [1960]’s Eq. (27), However, we
believe that the expression of the acceleration he wrote before Eq. (16) should be corrected to include the extra
term that depends on the rate of change of the evolving metric as can bee seen in (2.19). If one neglects the
inertial terms, the above equation is identical to Arroyo and DeSimone [2009]’s Eq. (4). However, it is not
identical for an arbitrary motion to their Eq. (3). For them acceleration is

ov

— + VYV +V,HV,

ot
where H = g*k,;. Note that their k is our —k;. When Z = 0, their acceleration should be corrected to read

(in their notation)”

a—V+V V-2V, k- V.
ot

We also note that in the case of a 2D shell embedded as a hypersurface in R?, (2.21) is identical to the normal
component of Scriven [1960]’s Eq. (27), although Scriven [1960] did not write down the expression of the extrinsic
acceleration. Ignoring the inertial terms, the above equation is identical to Arroyo and DeSimone [2009]’s Eq.

(5).

6 An aternate proof of this result for the special case of a transversal embedding is given in Appendix B.

"We communicated with A. DeSimone and M. Arroyo and they kindly confirmed the mistake in their acceleration. In their
derivation they followed the master balance law of Marsden and Hughes [1983, p.129]. In Appendix B we show how this can be
done and that the results are identical to those obtained using Hamilton’s principle.
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2.2 Conservation of Mass for Motion in an Evolving Ambient Space

Locally, conservation of mass is equivalent to
p(x,t)J(X,t) = po(X),

where J(X,t) = det g < det F', is the Jacobian of deformation mapping . 8 Thus

d

Note that

_— i)
J = (divg, )J+ ~Jtr (ait)

where the superposed dot denotes total time differentiation, i.e., J = and v = V o ¢; 1. Therefore’

dt7

1
p+pdivg, v+ ptr(a;t) 0. (2.22)

Note that even if v = 0, p is time dependent. Therefore, in the case of a 2D shell transversally embedded in

T
R3 —recalling Lemma A.1, which in this case yields % = 2"k + VI 2b + [Vgt zb] —(2.22) can be written as

p+pdivg, (v+2)+p¢("H =0, (2.23)

where H = trk; is twice the mean curvature. Eq. (2.23) is identical to the conservation of mass for shells
appearing in [Scriven, 1960, Eq. (21)], [Marsden and Hughes, 1983, p.92], and [Arroyo and DeSimone, 2009,
Eq. (1)]. Note that, if we look at the spatial mass density form p := pdv, (2.22) reads

L,p=0. (2.24)
Equivalently, one can write
i)
2 dv:f Lo (pdv :/ Lop dv+ pLo(dv)] = 0. 2.25
@t Jovan” o0 (pdv) %(u)[ p dv+ pLy(dv)] (2.25)
We know that
L,(dv) = £,(dv) + g(dv) [dlvv + 1 tr( 99, )] dv (2.26)
v ot 2\ ot ' '

Substituting (2.26) into (2.25) and localizing gives (2.22), which is the local form of conservation of mass.

2.3 Energy Balance in Nonlinear Elasticity in an Evolving Ambient Space

Let us consider an elastic body deforming in an evolving ambient space. We are interested in making an explicit
connection between deformation of the elastic body embedded in this ambient space and that in an ambient
space with a dynamic metric. Let the ambient space S move in a larger (fixed) manifold Q, i.e. ¥ : S - Q.
The fixed background metric in (Q, k) induces a time-dependent metric on S, i.e. g, = ¥;h. Energy balance
can be written on @ but we are interested to see how it is written for an observer in &. When the metric g of
S is fixed, the standard material balance of energy for a given nice subset U c B reads

jtfpo (E+%((V,V>)g)dV:fupo(<<B,V)>g+R)dV+fau(<<T,V>)g+H)dA, (2.27)

where E, R and H are the internal energy function per unit mass, the heat supply per unit mass and the heat
flux per unit area, respectively. E = E(X,N, F,G,g), where N is the specific entropy. However, here the ambient
space is evolving in time and the energy balance should be modified to accomodate this time dependence. First,
let us look at an example to motivate our discussion.

8Note that the Jacobian of the deformation ¢ is equal to that of ¢, i.e., \/ ggttg det F' = 4/ iztt%,t det F', which follows from

g;:=vih.
9Note that there is a typo in a similar equation in [Marsden and Hughes, 1983, p. 92].
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Example 2.1. Suppose the ambient space is a 2-dimensional sphere of radius R that shrinks/expands in time.
Then, whatever elastic material lives on this sphere will be compressed/stretched over time. As a simple case,
assume that the material manifold is also a sphere, with radius equal to the initial radius of the ambient sphere.
Assume that the deformation map ¢ is constant over time, as the metric evolves. This means that there will
be an increase in elastic energy over time, not accounted for in terms of the work done by external forces—since
there are no external forces.

Let the ambient metric, as a function of time be g;;(0, ¢,t) = f(t)gj;?here(R)(G, ¢), where t is time, f(t) is
some function of time (the shrinkage/expansion factor) such that f(¢) >0, f(to) = 1, and g,°°"*"*(R) is the
metric of the 2-sphere with radius R. Note that this is a uniform rescaling of the metric. Then, let the material
manifold be just G7;(©,®) = G?}here(R)(@, ®), and let the deformation map simply send © to § and ® to ¢
at all times. Therefore, even though the material “is not moving” in terms of the coordinates ¢ and 6 (a given
material point sits at the same ¢ and 6 at all times), it is shrinking/expanding. Note that ¥ = ¥(X,C), where
Cap =FoAF ey f(t). Thus, even if Fop = 6%, , we have Cpp = 0% 40° gap f(t) . This means that ¥ explicitly
depends on f(t) and hence there is stored elastic energy coming from the changes in the ambient space metric.

To visualize the time dependency of the metric of the ambient space, let us embed the initial sphere of radius
r = R in the Euclidean space R?. We then assume that the ambient space moves in the Euclidean space, i.e. there
is a map ¢; : S%(r) - R?®. Explicitly this can be written in the spherical coordinates as (7,6, ¢) = (7,0, ¢) =
(k(t)r,0,¢) with k(t) > 0. Note that deformation mapping is the inclusion map, i.e. (0,¢) = p:(0,P) = (0, P).
Metric of the Euclidean space in spherical coordinates reads h = diag (1, 72,72 sin? 0) . Now the map v, induces a
metric g, = ¢; h on the ambient space that has the following representation: g, = diag (k(t)*r?, k(t)?r?sin®9) .
It is seen that f(t) = k(t)?, i.e. expanding the ambient space by k all the square distances in the ambient
space with the time-dependent metric are multiplied by f = k? as expected. It is seen that time dependency
of the ambient space metric can be visualized using a time-dependent embedding in a larger space with a fixed
background metric (see Yavari [2010] for a similar discussion). In the sequel we will look at this in the general
case of an arbitrary deformable body.

Next, we prove the following proposition:

Proposition 2.2. Energy balance for a deformable body moving in an evolving ambient space is given by

Lo (B3 v )av = [ [(B Fre Vi, + (G0 T+ 5 AV V)
+[8M(((T,V))gt+H)dA,

where E = E(X,N,F,G,g,) is the material internal energy density per unit undeformed mass, N, B, T, R,
and H are specific entropy per unit undeformed mass, tangent body force per unit undeformed mass,'’ traction
vector, heat supply per unit undeformed mass, and heat flux per unit undeformed area, respectively. We recall
that V' is the velocity of pi and Z =1 is the tangent velocity of the embedding vy . F'g. denotes the fictitious
body force due to the evolution of S; and reads

) + R] av 2.28)

k
Fpo=-(A-DJ'V)=-D)"Z-2% ('g" kgy - (V + 2)
=1 (2.29)
.99,
ot

Note that in the particular case of a transversal evolution of the ambient space, i.e., Z =0, the fictitious body
force is intrinsic and reduces to

.
=-D%7Z -4 -(V+Z)+(v9tz"+[vgtz"] )-(V+Z).

k 0
i g9
Fﬁc=—2§71CQu~k(i)t"’ =—gﬂ'79tt'D - (2.30)

Proof: For an observer in Q, energy balance for a sub-body U c B is written as

& L oo(Ee 500 0)av = [ a((BX),+ R)av+ [ ((T.x), ) da,

10Note that B = J1b.
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where E = E(X,N, F, G, h)' is the material internal energy density per unit undeformed mass, N, 3, T, R,
and H are specific entropy per unit undeformed mass, body force per unit undeformed mass,'? traction vector,
heat supply per unit undeformed mass, and heat flux per unit undeformed area, respectively. Body force can
be decomposed into tangent and normal components with respect to §; as 8 = 8 + ZL B'n, . Note that the
traction vector is tangent to S;. We denote B = ¢y 3, and T = wa. Recalling that ¥ = ¢,V + { o ¢ and
Z = ;¢ , the energy balance can be simplified to read

& fom(Ee i) = [w((Bvez), s Socr)avs [ (@vez), m)aa. @)

Note that
i% (XD = (DFY, XY, = (LX), = (A V + Z),, + Z o (2.32)
and d OE. OF OF
aE LTE_@WN+ Y2 LTF+87h :L~h.

Similarly to (2.13), we see that Ly F = 0. Note that'?
dg,
Lyh=Ly vh+Lch=Ly vh+ wt* =1y (2(V+Z)gt T, ) Ve Lyg,,

where we used (A.9) to write L¢h = 1/)“. . Therefore, it follows that in Q

dE OE. OE OE . OF
— - 8T\IN o bxh= a—NN+a—ngt (2.33)

An observer in S writes the energy balance as

%/ (E+7<<V V), )dV:[upo((<B7V)>gt+E+R)dV+[au((<T,V>)gt+H)dA, (2.34)

where = = 0 if the ambient space metric is fixed. Note that in (S, g,), we have

d1
dt 2

E E E
, and aE a—N a—LVgt (2.35)

(V.V),, <<fov,V>>gt+ (v.v) it N g

gt
ot

Let us now find =. Subtracting (2.34) from (2.31) and using (2.32), (2.33), and (2.35), we obtain

S (0420, 4 (A= D8V, S (VYD ey v

i=1

:f( (B.Z), +pOZBC )dV+fau<(T,Z>>gtdA.

E E E
Note that 2p8— = 2p8W =0, and 8—:ngt = 2a—:vth. Therefore, by using (2.17) and (2.20) we have
dg dg dg dg
1 ko
g _ = — 1. N : .=
fu (po (a-Dfv.v), - e ((V,V))%t)dv [W (T, 2), dA+ fu (Zlg ok~ J (divg, 7, Z), _)dv.

! Similar to the discussion of Remark 2.1, we can conclude that E(X,N,%«F,G,h) = E(X,N,F,G,g,) .
I2Note that 3= J7183.
13 An alternate proof for this result can be found in [Marsden and Hughes, 1983, p. 101].
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Also, note that

[ x.2), da= [ (o-n.2), da

Ope(U)

- f@ e 0¥, (0, 2], de
- fmu) (o992 + (divg, 0, 2)), )dv

1 .
- [ (3o:Lz9.+ 7 divy, 0.2)), Jav.

['hus
[(p <<A—Dgt‘/ [/>> —}p (V,V)o )d[/:/ 1tr: Lzg +2Ek Clkeye | -2 dV
u 0 L g, 2 ’ Bt u\2 Z i O ’

However, since o =2p 8‘5 2p2E 99 and agt = 222-11 Cik(i)t +£2g,, it follows that

_ 8E ag t 1
=B 4 DEVV), btV Vg

Therefore, the balance of energy in (S, g,) reads

OF agf

;ltfpo( +%<<V,V>>gt)dvzfupo(«BJrFﬁc,V))g o .99

e %«v V)>%+R)dV+[8u(<(T,V))gt+H)dA,

where the fictitious body force F'g. reads
k: .
Fio=—(A-DIV)=-D}Z-2% ('g" kg (V +2)
i=1

T
—D9Z - gt 3gt (V+2Z)+ (vgtz"+[v9tz"] )~(V+Z) :
Now, when the evolution of the ambient space is transversal, i.e., Z = 0, the fictitious body force reduces to

i 3gt

ot v

Fy ——QZgg" kiy-(V+2Z)=-g"

Therefore, the balance of energy in the case of a transversal evolution is intrinsic, in the sense that it only
depends on the time evolution of the intrinsic metric. [

Remark 2.3. Note that the non-classical extra terms appearing in the energy balance (2.28) can be written as

BT_BQ

37E.(9gt 1 8(
ot ’

1 dg,
: \ 70 %4 —(V,v =t
o 5 V.V V), )
so that this term cancels out the contribution of the rate of evolution of the energy (internal + kinetic) due to
the evolving ambient metric appearing on the left hand side of (2.28).

3 Quasi-Static Deformations of the Ambient Space Metric

Let us consider a spatial metric that depends on a position-dependent parameter w(x), e.g. g = g(x,w(x)). In
other words, given an initial metric, we quasi-statically deform the ambient space manifold. As an application,
we can think of a situation when a thin sheet of metal is compressed between two identical and evolving surfaces
to make different curved sheets, e.g. some pieces of an automobile body.

As an example, one can start with a rescaling of the spatial metric, i.e.

3(z.s(x)) = *@g(a).
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Note that Jacobian of deformation in the new ambient space J is related to the Jacobian with respect to the

old ambient space J as follows:
7=/ g = 5,
detg

where it is assumed that dimS = N . Having an equilibrium configuration, replacing g by its rescaled version,
the equilibrium configuration will change, in general. The following two examples show the effect of a rescaling
of the spatial metric on equilibrium configuration and the corresponding stresses.

3.1 Examples of elastic bodies in evolving ambient spaces and the induced stresses

We consider two examples in this section. In the first example a disk of radius R, is embedded in a two-
dimensional ambient space that is initially flat. We first show that the disk remains stress-free when the metric
of the ambient space is rescaled homogeneously then we calculate the stresses in the case of a spatial metric
inclusion. In the second example, we consider a spherical cap embedded in a spherical ambient space. We
uniformly rescale the spatial spherical metric (equivalently changing the radius of the sphere) and calculate
the resulting stresses. In both examples we assume an incompressible and isotropic solid. For such solids
energy function depends on the first and second principal invariants of the right Cauchy-Green strain C (or
the left Cauchy-Green strain b, also known as the Finger deformation tensor), i.e. W = W (I, 1Iz) [Ogden,
1997]. Note that for an incompressible solid I3 = J? = 1. The Finger deformation tensor b has components
b = Fe 4 F* g GAB 1 For an incompressible isotropic solid the Cauchy stress has the following representation
[Simo and Marsden, 1984a]

ow ow ow

o=(-p+2rI —) tio——bl—2—p", 3.1

( PR )9 en " T Yo, (3.1)
where p is the Lagrange multiplier corresponding to the incompressibility constraint J = 1. Note that f' = ¢
with components ¢*® = (F’l)A m (F’I)B n Gag g¥mg"".

Example 3.1. (Disk in a flat 2D plane) Let us consider a two-dimensional disk of initial radius R, made
of an incompressible and isotropic material in an initially flat two-dimensional spatial manifold. We would like
to calculate the stresses that occur in the new equilibrium configuration after we change the spatial metric in a
radially symmetric way. In spatial polar coordinates (r,0), the spatial metric is assumed to be:

62w(r) 0
g= 0 ,r.262w(7’) .

The nonzero connection coefficients for g are:

' T ]‘
U= (1), g =L+ (), A=+ (). (32)

In material polar coordinates (R, ©), the material metric reads

1 0
(i 2)

We look for solutions of the form ¢(R,0) = (r,0) = (r(R),0). Thus, F = diag(r'(R),1). This gives the
Jacobian as '(R)
J= 2w(r) " r )
‘ R

Therefore, incompressibility (J = 1) gives the following ODE

r(R)r(R)e*("() - R (3.3)

4The Finger deformation tensorb should not be confused with the tangent body forces per unit deformed mass. As a matter
of fact, there should not be any risk of confusion in this section, since we assume that the tangent body forces are zero. Note,
however, that the extrinsic body force components is denoted by b™ .
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To fix rigid body translations we assume that r(0) = 0. Hence, r(R) satisfies the following integral equation.

R 1/2
r(R) = ([0 2§E—QW(T(5))d§) . (3.4)

Note that the Finger tensor is

and hence I = ’”zﬁjw Rz:; * and I = 1. Therefore, we obtain from (3.1) the nonzero stress components as
—4dw P2 2 —2w —2w —2w P2
2w e "R 0w T 99 _ € 1 e e YR
o’ =—e""p+ = a+(e —RQ)B, and o __erJrﬁOHr - (1— = )ﬂ, (3.5)
where p(R) is the unknown Lagrange multiplier and
a(R)_28W(117]2) ﬁ(R)_QaW(ILIQ)
- on "’ - oL,

In terms of the Cauchy stress tensor, the only non-trivial equilibrium equation is 0", = 0, which, by using
(3.2), reads
T(R)GZw(r(R))
R

By using (3.5), the equilibrium equation (3.6) reduces to

1
UTT’R+(*+3OJ,)JTT—T‘(1+7“wl)0'90 =0. (3.6)
r

R3e(a-B) (rw'+1) . r2e® (28 - RB") . Re ™ (Ra' +2a) ~(a+3p) (rw' +1)

(3.7)
4 R3 2 R

p'=p -

Uniform scaling of the metric. Let us consider the particular case of a uniform (homogeneous) scaling
of the ambient metric, i.e., w(r) = w,. It follows from (3.9) that r(R) = Re ™, and hence we get from
(3.7) that p’ = a’. Assuming zero-traction at the boundary, i.e., 6" (R,) = 0, we find that p = a. Thus, it
follows that o""(R) = 0 and ¢%?(R) = 0, i.e., the disk remains stress-free when the ambient space is uniformly
expanded/contracted.

Remark 3.1. Since the components of the deformation gradient do not have a coordinate-independent meaning,
in a given pair of bases in the material and spatial spaces, F' can be the identity matrix, but that does not mean
that there is no stretch in the material. Likewise, F' can be a position-dependent, non-identity matrix, and
that does not mean that there is any stretch. What matters is a coordinate-independent measure of stretch.
One such measure is G — ¢*g. If this vanishes, we can claim that there is no stretch (strain), according to this
particular (and appropriate for shell-like situations) definition of strain.

In this example, we chose to represent the stretch in the ambient space (assuming uniform expansion)
as a change in g. The new equilibrium configuration map was given by a “rescaled” version of the original
configuration map (by “rescaled” we mean rescaled in the Euclidean coordinate representation), and the final
state was still stress (and strain) free. G - ¢*g will still be zero, with both ¢ and g having changed during the
process. In short, as g changes, as a result the equilibrium mapping ¢ changes, and likewise F' changes, but the
pull-back of g stays the same for the set of equilibrium configurations during the process.

A spatial metric inclusion. We assume that the spatial metric is uniformly scaled inside a disk of radius r;
and is left unchanged otherwise, i.e.

if OSTSTi,

w(r) = {:;O ’ (3.8)

, if <.

Motivated by Eshelby’s inclsion problem [Eshelby, 1957] (see [Yavari and Goriely, 2013] for a discussion on finite
eigenstrains and a brief history of the problem), we call this a metric inclusion.
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It follows from (3.4) that

Re ™ , 0<R<re®,
r(R) (3.9)

[R2+ri2(1—62“’°)}1/2 , 1ie”° <R<R,.

Remark 3.2. Note that if R, < r;e¥°, we have r(R) = Re™° . Hence, it follows, similarly to the previous case
where the ambient metric is uniformly scaled, that the disk remains stress-free. We assume in the remainder of
this example that R, > r;e%°.

By substituting (3.8) and (3.9) into (3.7), we find

o'(R) , 0<R<re?,

P'(R) = {f(R) , ;e <R<R,, (3.10)
where
fry- RO 20 | Rep) | @AZRORr(-e) ardd, 0 gy
R?47f (1-e)  (R24p2 (1-e20))’ R3 R
Assuming zero traction at the boundary R = Ry we obtain
a(R) + 6, , 0<R<re”,
- 2.2 2w,

p(R) = /I:f(g)dg " +7"i21(%§‘ eZwO)a(R") + (1 _Ro+r l%— e ))ﬂ(Ro) . re® <R<R,, (3.12)

where G, is a constant to be determined by enforcing the continuity of the traction vector across the boundary
of the ambient metric inclusion, i.e., continuity of ¢"" across the disk of radius r; in the deformed configuration.
Following (3.5), the non-zero physical components of the Cauchy stress tensor read

Go , 0<R<re”,
Ro R? R+ 72 (1-e*)
s fR JOdE+ ey @+ (1 B R2 )ﬂ(R) (3.13)
, ;e <R<R,.
R? R% 41?2 (1—62%)
S S AT S
b0 , 0<R<rie",
6% =1 TR2+r2(1-e) R? . (3.14)
g +[ R2 _R2+rf(1—62wo):|(a(R)+ﬂ(R)) ; rie?? <R<R,,
where &, is a constant given by:
. Ro r2e2we " I (1 - e?) "
6o = fmwo f(&)de + e 2 (1o 62%)04(7"1»6 °) + (1 - e, )ﬁ(rie °)
(3.15)

R2

R2+r?(1—62w°)
CRZ 472 (1-e20) -

a(Ro)_(l R2 )ﬁ(Ro)

Therefore, for an arbitrary incompressible isotropic solid, the stress is hydrostatic inside the metric inclusion
and is equal to &,. Note that because of the flat geometry of the ambient space, the second fundamental form
of the ambiant plane in Q@ = R? is equal to zero, and hence the extrinsic equilibrium equations (2.21) yields a
zero extrinsic body force b™ on the disk.
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Let us assume the particular case of a disk made of a homogeneous neo-Hookean solid, i.e., a(R) = p and
B(R) =0. Therefore, the non-zero physical components of the Cauchy stress (3.13) and (3.14) simplify to:

Go , 0<R<rie”,
5T = 2 2 R? +7r2(1-¢%°) R2 3.16
B R _ Ro ~log ’L( )& , T16w°<RSRO. ( )
2| R2+r2(1-e2) RZ+7?(1-e2w) R2 +7?(1-e?we) R?
0o , 0<R<re™,
500 _ 2,2 2
g = AT R +75 (1 -€ wo) R2 w (317)
a +,Lt R2 _MR2+T?(1—62w0) , T;e <R<RO,
where
JaS /’[’ Ti262wo R(2) o T’LzeQwo + TZ'Q (1 - 62‘*’0) Rg (3 18)
6o="= - - .
? 2| r2e2wo 472 (1—e2w0)  R2+72 (1-e2w0) s RZ+ 72 (1-e?wo) r2e2wo

We plot in Fig. 3.1 the profile of stresses in a disk of initial radius R,, due to a metric inclusion of radius
r; = 0.1R, and w, = 0.05. Note that since e™° < 0.1, we have r; < R,e*°, hence, the metric inclusion lies
entirely inside the spatial disk of radius r(R,) = R,e™¥. We observe that the stress is indeed hydrostatic
inside the metric inclusion. We also observe a discontinuity of the circumferential stress while the radial stress
is continuous as expected following the continuity of the traction vector. Finally, we observe that the stress is
asymptotically vanishing as we move away from the inclusion.

o/u
0.10¢F

0.05]

-0.05/

-0.10}

Figure 3.1: Stresses in a disk of initial radius R, , due to a metric inclusion of radius r; = 0.1R, and w, =0.05.

Example 3.2. (Spherical cap on a 2D sphere) Let us consider a two-dimensional spherical cap of angular
radius O, lying on a sphere of initial radius R,. We assume that the spherical cap is made of an incompressible
and isotropic material. We would like to calculate the stresses that occur in the new equilibrium configuration
after the radius of the ambient sphere is changed to r,. See Fig. 3.2. In spatial spherical coordinates (6, ),

the spatial metric reads
2
N 0
g—( 0 r2sin?0 ) '

Note that changing the radius of the sphere from R, to r, is equivalent to a uniform scaling of its spatial metric
by e*° = % .
We look for solutions of the form ¢(©,®) = (0, ¢) = (8(©),®). Thus, F = diag(6'(0),1). It follows that the
Jacobian is 2 n [0(0)]
J=0'(Q)eSL®)]
©) R2sin®
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Figure 3.2: Deformation of a spherical cap by changing the radius of the ambient 2D sphere.

Assuming that the spherical cap is made of an incompressible material, i.e., J = 1, fixing rigid body translations

by taking 6(0) =0, and since 0 < 6 <7, we find that
(3.19)

2
9(©) =cos* |:;°2 (cos®-1)+ 1] :

(]
For example, for r, = 1.5R, and ©, as we will consider at the end of this section in the numerical example, we

see that 6, = 0 (w/4) ~ 0.167 . For such a deformation, the Finger tensor reads

RZsin?(©) 0
b= ( r4sin?(0) )
0 E——
R2sin?%(0)
R%sin’© r2sin? 6 .
and hence I = ST T I ;inZ 5 and I = 1. Therefore, we obtain from (3.1) the nonzero stress components as
gez_ierRis?nz@a 1, rgs%nzé) s,
r2 risin® 6 r2 R2sin“ © (3.20)
o0 11 L1 R2sin” © '
o = - « - 9
72 sin’ 6" R2sin?@©  72sin?4 72 sin? 6
where p(0©) is the unknown Lagrange multiplier and
oW (11,1 oW (I, I
(1) i)W Do)
ol

=2
a(©) on

By using (3.19), we can write the physical components of stress (3.20) as follows
_2r3+R§cos@—R§ P
r2(cos© +1) ’
1 72(cos© + 1) 5
2r2+ R2cos©® - R2 |

r2(cos© + 1)
(3.21)

~00
6% =—p+
P 2r2 + R2cos© - R?
~bd 2r2 + R2cos© - R?
6% =-p+ 5
r2(cos©® +1)

In terms of the Cauchy stress tensor, the only non-trivial intrinsic equilibrium equation is 09“|a =0, which reads
(3.22)

2 i 2
rZs¢in” 6 1

2 9 o+ — 6% _sinfhcosa?® =0.
’ tan 6

-2 a
R2sin” ©
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By using (3.19) and (3.20), the equilibrium equation (3.22) reduces to

L rsal_tan(8) (D -2R5) (a4 ) | r3sin(0)(r3 - RE)(S - 0)
——tan( ) 2r2 (2r2 + R2cos © — R2)?
G o (3.23)
than (Q)B' 8sin’ (2 )(RQ—T )B 4r2 (R2-1r2) o/ + R2sin(©) (R2 - 2r2) (a + )

7'(2) sin® © 4T§R2 + 2R§ cos© — 2R§

O

Note that, unlike in the previous example, the spherical cap does not necessarily remain stress-free by a uniform
scaling of the spatial metric of the sphere. Note that, if we take r, = R,, then (3.23) reduce to p’ = o/,
which yields no stress by assuming zero boundary traction at © = ©,. Hence, we recover the case of a trivial
embedding. The evolving ambient sphere can be isometrically embedded in R?, i.e., Q@ = R® where the second
fundamental form of the sphere reads
-7 0
k_( 0 —rosinze)'

We only have one extrinsic equilibrium equation (2.21) which yields the normal component of the body force
required to balance the stress field in the spherical cap; it is written as follows
1 500 . 500
e —oik=-2 7 (3.24)
P Top
In the following, we explore the particular case when the spherical cap is made of a neo-Hookean solid, i.e.,
a(R) = u and B(R) = 0. Therefore, for a neo-Hookean solid, (3.23) reduces to

. tan () (2R2 - r?) B r2sin(©)(r2 - R?) . sin(©) (R% - 2r2) (3.25)
p=n 2r2 ”(Qrg + R2cos(0) - R2)? ”47«3 +2R2cos(0©) - 2R2 " '

Therefore, assuming zero boundary traction at © = 0, , i.e., 0%9(0,) = 0, we find that

r2(cos O, + 1)
0) = 0)-¢(0,) + ° ° , 3.26
p(©) =1 |9(0) - 9(0,) 22+ RZcos O, - T2 (3.26)
where
22 - R2 2R% - 12 S rZ(r2- R?)
©) = 210 e log (22 + R2cos© - R2) + o "2 log [cos® ()] - oo~ o R
9(0) = =g log (2ro + Rocos© = o) + =5 =2 log | cos™ (5 ) | = o 5™ pr G~y (320)
Therefore, the stress field (3.21) and the extrinsic body force (3.24) are given by .
.00 R? - 2p2 o 2r2 + R2 cos© — R? . 72 cos © r2 cos O,
67 = -
2R?2 2r2 + R2cos®, - R2) 2r2+ R2cos©®—-R2 2r2+ R2cos©, — R2
r? —2R2 (1 +cos@o) r3(cos© - cos 0,) |
+ —
1+cos© (2r2 + R2cos© — R2) (2r2 + R2cos©, - R?) |
2 2r2 + R2cos © - R? 2r2 + R2cos© — R? 72(cos O, + 1)
=K 2 2 2 2|t 2 T 92 2 2
2R 2r2 + R2cos©, - R? r2(cos® + 1) 2r2 + R2cos©, - R? (3.28)
2-2R? (1+cos® )_ r2(r2 = R%)(cos© - cos O,) | .
2r2 1+cos® (2r2 + R2cos© — R2) (2r2 + R2cos ©, - R?) |

b 2r2 - R2 2r2 + R2cos © — R? . 72(cos O, + 1) 2r2 + R2cos© - R?
Topb" = -
P R? 2r2+ R2cos®, - R2 ) 2r2+ R2cosO, - R? r2(cos© + 1)

2R2 — 12 (1+cos@o)]
+ lo .

r2 1+cos®

We plot in Fig. 3.2 the profile of stresses and the extrinsic body force in a spherical cap of angular radius ©, =
initially lying on a sphere of radius R, , due to a change of the radius of the ambient sphere to r, = 1.5R,, .
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Figure 3.3: Stresses and the extrinsic body force in a spherical cap of initial angular radius ©, = I initially lying on a sphere of

4
radius R, , due to a change of the radius of the ambient sphere to ro = 1.5R, .

We consider the limiting case where r, — oo, which corresponds to flattening the spharical cap so that it
deforms into the flat Euclidean plane. We obtain from (3.29) that the stress field when the spherical cap is
flattened is given by

1 1 1
&9 = —,u[ log (LOS@) + Z(COSG -c0s0,)

2 1+cos®, (3.20)
1 1+cos® 3 2 cos©, +1 ’
59 - _u| 11 (7)+7 O~ cosO,) - 4 28%%
7 M[Q o8 1+ cosO, 4(COS c0s o) cos©® +1 2

Note that the extrinsic body force field b vanishes when r, — oo, since this case corresponds to a flat geometry
of the ambient space.

3.2 Elastic deformations due to linear perturbations of the ambient space metric

In this section, we linearize the governing equations of the nonlinear theory presented in the previous sections
about a reference motion. This will shed light on the mechanical effects of a slight deformation of ambient space
on the equilibrium configuration of a deformable body.

Geometric linearization of elasticity was first introduced by Marsden and Hughes [1983] and was further
developed by Yavari and Ozakin [2008]. See also Mazzucato and Rachele [2006]. Given a reference motion,
we obtain the linearized governing equations with respect to this motion. Suppose a given solid is in a static
equilibrium configuration, ¢ in an ambient space with metric g. Let g, be a l-parameter family of spatial
metrics, ¢, be the equilibrium configurations, and P, be the first Piola-Kirchhoff stresses. Let € = 0 describe
the reference motion. Now, for a fixed point X in the material manifold, ¢.(X) describes a curve in the spatial
manifold, and its derivative at € = 0 gives the variation dp as a vector U(X) at ¢o(X):

dp (X
5p(X) = U(X) = X)) (3.30)
d€ e=0
The variation of the ambient space metric is defined as
d
0g = — . 3.31
9 de e=Og6 ( )

Now consider, in the absence of body forces, the equilibrium equation Div P = 0 for the family of spatial

metrics parametrized by e:
Div. P. =0. (3.32)
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Linearization of (3.32) is defined as [Marsden and Hughes, 1983; Yavari and Ozakin, 2008]:

(Div. P,) = 0. (3.33)

dEeO

Once again, one should note that since the equilibrium configuration is different for each e, P. is based at
different points in the ambient space for different values of ¢, and in order to calculate the derivative with
respect to €, one in general needs to use the connection (parallel transport) in the ambient space. In components,
balance of linear momentum reads
OP* (e
anE) + T4 5P B (e) + P'2(e)y(e)f.F(e)a = 0. (3.34)
Thus, the linearized balance of linear momentum reads

a d aA aB d bB a c
S| P T P (O +] 3] PO ]riFea

FPP| ORI Foa s PP | [F(e) Al =0 (3.35)

Let us consider a 1-parameter family of metrics g,p(€) such that

9ab(0) = gas, 9ab(€) = 0gab- (3.36)

d
£‘€=0

dgap is called the metric variation. It can be shown that [Chow et al., 2003]

8¢ = =g ¢"8gmm, (3.37)
Ve = §9ad (0geapp + 0Gpaje — 6Gbela) - (3.38)
Thus
§ (Div P)* a)a( S0P 4+ T4 PP + 4 FC 40P + 64 FC 4 P*P + 6 F 4 P*P
=GP0k PP g (g + 0t~ S0hca) + PP U (339)

If the initial equilibrium configuration is stress-free, we have

sP* 4 =0. (3.40)
Note that 50
PoA = g% — (3.41)
oFt
where ¥ = U(X,0, F, G, g) is the material free energy density and © is the absolute temperature. In calculating
aA
”%E(E) , we need to consider the change in F' due to the change in the ambient space metric as follows:
ap*A L 0°W _ dF°c(e) | 4o O*W  dgea(e) (3.42)
de de 8FbA 8FccanA de achanA de '
Let us define o o
v v
A CA_ jab d  [RacdA _ jab , 3.43
OFccOFY an g 8gcd8FbA ( )

where the derivatives are evaluated at the reference configuration corresponding to ¢ = 0. Note that A is the
equivalent of the elasticity tensor in classical linear elasticity. Theretofore

(SPaA‘A _ —gaCPdA(Sgcd + AaCCAUclc + lBach(Sgcd _ AGCCAUC‘C + BaCdA5gcd, (344)
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as the initial configuration is assumed to be stress free. With these results, the linearized balance of linear
momentum (3.33) is simplified to read

[A*. YU e +B*6gea] , =0 or  Div(A VU +B-dg)=0. (3.45)

Given dg, the above equations are the governing equations for the displacement field U that results from this
change of spatial metric.

We know that for a body deforming quasi-statically in an ambient space with a fixed background metric,
linearized balance of linear momentum reads [Yavari and Ozakin, 2008]

[A“CCAUﬂC]M +po(£By)* =0, (3.46)

where £B is the linearized body force. It is seen that in the absence of (mechanical) body forces and when the
ambient space is deformed, one can think of Div(IB-dg) as an effective body force. In other words, deformation
of the ambient space and the equivalent body force will have the same mechanical effect on the deformable
body.

Initially Euclidean metric. Let us assume that the initial metric is Euclidean and is isotropically rescaled,
i.e. consider a one-parameter family of spatial metrics of the form (ge(z))qp = €2<®) 84y, . Thus gap = 20wWdap -
In this case (3.45) reads

[A*. AU ¢ + 2B*6eabw] , = 0. (3.47)

When A and B are constants (homogeneous medium), the above equation reads
A CAUC ca + 2B g FP 40wy = 0. (3.48)

Now if dw is independent of @, one finds that U = ¢ (a constant vector) is a solution, i.e. the body will stay
stress free in the new (Euclidean) ambient space.
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A  Geometry of Riemannian submanifolds

In the following, we tersely review a few elements of the geometry of embedded submanifolds. Here we mainly
follow do Carmo [1992]; Capovilla and Guven [1995]; Spivak [1999] and Kuchaf [1976]. Let us consider a
Riemannian manifold & embedded in another Riemannian manifold @ and assume that dimS < dim Q. We
consider a time-dependent embedding ¢, : S - Q. The metric h on Q induces a metric g, = ¥y h on S (the
first fundamental form). At any given point p of S, the tangent space T,S; has an orthogonal complement
(T,S;)" © TQ such that

T,9=T,S & (T,S;)" . (A1)

Note that such a decomposition is smooth in the sense that any smooth vector field © on S; can be smoothly
decomposed into a vector field u| tangent to S; and a vector field w, normal to S;, so that p - (u), = (up))
and p - (u,), = (u,), are smooth. We write w = uj +u,. Let dimS =n and dimQ = n + k = m. Following
the smoothness of the decomposition (A.1), we can take a set of smooth vector fields {n,};-1,.. % normal to S,
such that they form an orthonormal basis for X*(S;), the set of vector fields normal to S; . Hence, every vector
field w on S; can be written as u = u + Zle u'n, . Note that, for 4,5 € {1,...,k}, we have <<ni,nj>>h = 0;; and
<<17i,u|| >>h =0, where the Kronecker delta symbol §;; is defined as: d;; =1 if i = j and 6;; = 0 if 4 # j.

We know that for vector fields X and Y defined on S; and Q, respectively, such that Y is everywhere
tangent to S, Vi%x’(/}:Y =7 (VRY),'5 As a corollary, given a curve c in S; and X a vector field along c

tangent to S; everywhere, D'4)f X = (D?X)” , where DJ* = 9% . Forie {l,...,k}, the i'" second fundamental
ds

form of S along n, is a (g)—tensor k() on S defined as k(;y; = ¥; k(i) , where [do Carmo, 1992; Capovilla and
Guven, 1995)
Ky (u, w) = <<Vﬁni,w>>h Vu,weTzS, (A.2)

and n,, for i € {1,...,k}, is the it" unit outward normal of S; in Q. The orientations of n,;, for i e {1,...,k}, are
chosen such that the orientation of S; and Q are consistent in the sense that the induced orientation from S;
along with the ordered sequence {1, }e(1,....x} ; is equivalent to the orientation of Q. It is known that k;y; is a
symmetirc tensor and can equivalently be written as

Kaye = (Vi) =1,k

For vector fields u, w € TS we can write V’J*uw*w =, Vaw+ Y b (u, w)n, , where b’(.,.) is a bilinear form.
Therefore, we have '
b (u,w) = ((sz*uw*w,ni»h , i=1,..k.
Knowing that {(¢.w,n;)), =0 we conclude that
<<vg*u77[}*wa "71>>h =~ <<vz*uni7w*w7 >>h I 1= 15 crey k .

Hence 4
bz(’uﬂw) == <<v’1Z*unia wx—w7 >>h = —(thi)b(¢*ua w*w) = _k(i)t(u7w) ’ 1= 1a (X3} k.

Therefore, we obtain Gauss’s equation

k
V'J*u%w = Vi w — Z k(i)t(uaw)ni .
i=1

5 The proof given in [Spivak, 1999] still holds even when the embedding is time dependent. Note that V9t and v are the
Levi-Civita connections corresponding to g, and h, respectively.
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Note that we need to be careful in calculating time derivatives in (S, g,), since the induced metric g, itself
depends on time. In particular, when calculating the derivative of the inner product (u,w)g, of two vector
fields w and w along a time-parametrized curve c, the usual formula

), = (DF w,w)g, + (DY), (A3)

is no longer valid when the metric g, is t-dependent. One instead has'®

d

S {wwhg, = (D' w,wg, + (u, DY w)g, + (u,w) sy, , (A4)
where

() g, = ot

This can be written in terms of the inner product with respect to g, as

(gl
() on, = (gl 2 w)y,

where g} denotes the “inverse metric”, with components g,‘}b. Therefore!”

d 9g
5 fwwhg, = (Df*w,w)g, + (u, Df*w)g, + (u, g} - aftt “w))g, - (A.6)

Using the Levi-Civita connection for the metric g, to calculate covariant derivatives, the symmetry lemma
of classical Riemann geometry [Lee, 1997; Nishikawa, 2002] still holds.'®

Lemma A.l. For a Riemannian manifold with a time-dependent metric g,

Do Oc(t, €) _poe Oc(t,€) .

< ot L e
The velocity of the time-dependent embedding ; is defined as
_0y(t,z)

k .
¢ ot :C||+7;C2niv

where ¢ is the tangential velocity of the embedding. We also define z := ;¢ B

Lemma A.1. For an arbitrary embedding vy , the following relation holds

09, b i
7815 = Sth +2 Z ¢ k(i)t- (A7)
=1

For a transversal embedding, i.e., when ¢ =0, (A.7) reduces to

% =23 Gk - (A.8)
i=1

16Note that DY'g, = % .
171t is also possible to define an alternative covariant time derivative, Df t | so that an identity analogous to (A.3) holds. If we let
~ du® qdz€
(Dftu)? = o +ySu

+ 1 ab 8gbc u’
dt 2 ot

)

or in coordinate-free notation 18
= gt
DItu=vItu+ gl =t . u, A5
t v 29t ot (A.5)
where v = ¢, one readily verifies that
d - -
5 {wwhs, = (Df*u,w)g, + (u, D' w)g
See Thiffeault [2001] for a discussion on this alternative covariant time derivative.
8 Note that if we were to use the alternative covariant derivative (A.5), this formula would need to be modified.

e
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Proof: First, we note that

Leh=[% (o) ] =[Suavin] -[Svea] -ve(pfel.-u (a9

On the other hand, we also have

k: .
L¢ch=Sch= 8¢ h+ Y ¢ 8y h.
i=1
However, for i € {1,...,k} we have
(ﬁnih)aﬂ = (M) aip + (M) gla = 2K(i)as - (A.10)

We observe that £<"h = Ly, 20«9, , and, following Marsden and Hughes [1983, p. 98], we have £y, ¢+, =
Ve L2g, . Thus

k .
LCh:wt* (£29t+2241k(i)t) . (A].l)

i=1
Finally it follows from (A.9) and (A.11) that

dg b i
87; =£.9,+2) k(e -
=1

B An alternative derivation of the tangent balance of linear mo-
mentum

In this section, we provide an alternate proof for the tangent balance of linear momentum in the particular case
of a transversal evolution of the ambient space. The derivation is based on a generalized version, for arbitrary
co-dimension k = dim @ — dim &;, of a theorem in Marsden and Hughes [1983, p. 129]. The generalized version
can be stated as follows (See § 2.1 and Fig. 2.1 to recall the notation):

Theorem B.1. Assume that given scalar functions a and b, and a vector field ¢ satisfy the following master
balance law for any open set U with C piecewise boundary:

d
— advz[ bdv+f c,n)  da, B.1
dt Jo.(u) o1 (U) dpe(U) e.ndy, (B

where n is the unit normal vector to dpy (U) in S. Localization of (B.1) yields

d E,
d—? +adivg,v+a ) Ctr(kgy) = b+ divg,c, (B.2)
i=1

where we recall that v is the velocity field of p¢, ¢ = Zle Cim, is the velocity field of ¥y (we have ¢ =0 since
we are assuming transversal evolution).*

d d da . dJ
a d f JdV = f— )V = [(—J —)dV.
dtf%(u)av dat Ju” a7 u\ar” " ar

aJ .. dg,
%_(dwgt )J+ Jtr (at)

Proof: Note that

However

9Note that what Marsden and Hughes [1983] denote by v is the equivalent of Y in our notation, so that their v corresponds to
v (recall that z = w:CH =0) and their v, would be ¢" in the particular case when S; is a hyperspace of Q.
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and following (A.7), we have

8Qt ki
DIt _ 9N ik,
9t Z_;C (i)t

Therefore
d da . LA
T -/s;t(l/{) adv = fu (dt +adivg,v + a;C tr (k(,»)t)) JdVv
—f (da+adiv v+ai(itr(k- ))dq}
L,Dt(u) dt g: art (’L)t .

On the other hand, by using Stokes’ theorem, we can write

c,n da:f divg cdv.
oo femhg da= [ divg,
Therefore, by using (B.3) and (B.4), (B.1) transforms to
[ (da+adivg 'u+azk:§“itr(k:(i)t))dvzf (b+divg c)dv.
@i (U) dt ¢ i=1 pe(U) ‘

Thus, by arbitrariness of the subset I/, we find that

da . k i .

yn +adivg,v+a Z C*tr (k(i)t) =b+divg,c.

i=1

First, we derive the localized balance of mass. In integral form, balance of mass reads

d

— dv =0.
dt mwpv

Hence, using the above theorem (a = p, b=0, and ¢ =0), the balance of mass in localized form reads?’
d ko
d—f +pdivg,v+p Z C'tr (k(i)t) =0.
i=1

Next, we look at the balance of linear momentum, which in integral form reads

i)
— vdv:[ bdv+f o -nda,
dt w(u)p w(wp B (U)

26

(B.3)

(B.6)

(B.7)

where b is the body force per unit deformed mass, o is the Cauchy stress tensor and n is the unit normal vector

to Oy (U) .

Remark B.1. Note that (B.7) makes sense only when the ambient space S; is endowed with a linear structure.
In a general manifold, integrating a vector field does not make sense. Therefore, the proof shown in this appendix
is only valid for linear ambient spaces. However, the resulting localized tangent balance of linear momentum
(B.8) still holds in the case of a general manifold as shown in § 2.1 using a Lagrangian field theory, see Eq.

(2.18).

In order to use the above theorem, we contract the balance of linear momentum (B.7) with an arbitrary

time-independent covariantly constant vector field w tangent to o (), i.e.

d
&[pt(u) (pv,u), dv = f%(u) ((pb,u))hdv+f (o-n,u, da.

A (U)

20Note that (B.6) is equivalent (2.22) since by Lemma A.1, we have % =2%k Qik(i)t.
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We can then use the above theorem for a = (pv,u), , b= (pb,u), , and ¢ = o -u. Hence, it follows that
d . .
% (pv,u)y, + (pv,u), divg, v + (pv,u), vpatrk = (pb, u ), +divg, (o-u) .

Note that

& v, = L o,y + (Do),

where D" denotes the time covariant derivative with respect to the metric h. Therefore, it follows that

(% + pdivg, v + pvntrk) (v, u)y, + p{(Dfv,u)), = (pb,u), +divg, (o-u) .

The first term vanishes following the balance of mass (B.6). Thus, we obtain by arbitrariness of u that
P (D?v)” =pb +divg, 0.

Note that (D{"U)” is different from DJv. In fact, we have proved in Proposition 2.1 that

k 9
h g % g g
(Dt'U)H—DttU‘FQE <gnk(7)f'U—Dt ’U+g”'7t"l)
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(B.8)

(B.9)
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