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Abstract

Widely used in mechanics and mathematical physics, physical components remove the inherent coordinate-
dependent scaling in curvilinear coordinates, yielding components of consistent physical dimension. In or-
thogonal coordinates, they are constructed by normalizing the coordinate frame and coframe; in general
coordinates, however, their construction requires additional, non-trivial choices. In this paper, we extract
physical components of arbitrary tensors on arbitrary Riemannian manifolds by orthonormalization of the
coordinate frame. We further formulate a general normalization framework distinguishing three require-
ments: dimensional consistency, dual frame-coframe compatibility, and unit normalization. We show that
dimensional consistency alone leaves independent general linear gauge freedoms for the contravariant and
covariant components. Further requiring dual compatibility locks these into a single general linear gauge;
and a dual-compatible frame and coframe are both of unit length if and only if they are orthonormal. Thus,
the choice of orthonormal transformations emerges as the only physical components framework that satisfies
all three requirements. We apply this framework to nonlinear elasticity and inelasticity—referring broadly
to constitutive responses involving internal distortions, of which we study anelasticity, viscoelasticity, and
visco-anelasticity—examining the deformation gradient, inelastic distortions, strain measures, and stress
tensors. We conclude by arguing that physical components remain neither intrinsic nor unique.

Keywords: Physical components of tensors, nonlinear elasticity, inelasticity, material metric, two-point tensors,
non-orthogonal coordinates.
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1 Introduction

In curvilinear coordinates, the coordinate functions do not, in general, have the same physical dimension, and
increments in different coordinate directions do not necessarily correspond to equal physical quantities. For
example, in cylindrical coordinates (r, θ, z), the radial and axial coordinates r and z have the dimension of
length, whereas the angular coordinate θ is dimensionless. Indeed, the actual displacement in the θ-direction
corresponds to a physical length rdθ, which depends on the position. More generally, the coordinate basis
vectors are not necessarily of unit length, and their norms are determined by the metric tensors. As a result,
the coordinate components of a tensor reflect both its tensorial character and the scaling induced by the choice
of coordinates. Different components of a tensor may have different physical dimensions [Truesdell, 1953; Aris,
1962]. Depending on the choice of coordinates in the reference and current configurations, some components
of the deformation gradient may not be dimensionless. In order to obtain components dimensionally consistent
with the nature of the tensor (for example, dimensionless components for deformation gradient F in orthogonal
coordinates), one expresses the tensor with respect to orthonormal bases relative to the corresponding metrics.
This removes the inherent coordinate-dependent scaling in curvilinear coordinates.

The notion of physical components of tensors in curvilinear coordinates can be traced back to the work of
Ricci and Levi-Civita [1901]. In their treatment of vector analysis in generalized coordinates, they distinguished
between covariant and contravariant quantities and the corresponding projections and components measured
with respect to unit directions associated with the coordinate lines and coordinate surfaces. Although the mod-
ern terminology of “physical components” had not yet emerged, their construction anticipates the contemporary
interpretation of physical components as tensor components referred to orthonormal frames. Hencky [1928] also
employed physical components in curvilinear coordinates in his work on nonlinear elasticity. McConnell [1931]
provided one of the first systematic definitions in orthogonal curvilinear coordinates by identifying physical
components with projections onto unit tangent vectors to coordinate lines. Synge and Schild [1949], as well as
Green and Zerna [1954], extended these ideas to tensors of higher order within continuum mechanics. Trues-
dell [1953] further clarified the role of physical components and emphasized their relation to intrinsic tensorial
structure. Aris [1962] presented a formulation of physical components in orthogonal coordinate systems in the
context of fluid mechanics. It should be noted that in non-orthogonal coordinate systems the definition of
physical components is not unique, as noted by Ericksen [1960]. A concise historical account and synthesis of
these developments is given in [Altman and de Oliveira, 1982].

This paper is organized as follows. In §2, we define the physical dimensions of tensor fields and develop
the physical-component representation of tensors in orthogonal and general curvilinear coordinates. We also
extend the construction to two-point tensors and discuss the non-uniqueness associated with the choice of
orthonormal frames. A general normalization framework is introduced to distinguish dimensional consistency,
dual compatibility, and unit normalization, and to characterize the orthonormal-frame construction in terms of
these requirements. In §3, after briefly reviewing the geometric framework of nonlinear elasticity and anelasticity,
we derive physical components of the deformation gradient, strain measures, and stress tensors. Particular
attention is given to the distinct metrics involved in anelasticity and to the physical-component representations of
the elastic and anelastic distortions. The framework is then extended for inelastic processes beyond anelasticity
and worked out for viscoelasticity and visco-anelasticity. In §4, an example of solids with distributed eigenstrains
is considered, and physical components of the relevant tensor fields are explicitly calculated. Some concluding
remarks are given in §5.
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2 Physical components of tensors

In this section, we discuss the notion of physical components for tensor fields on Riemannian manifolds. Single-
manifold constructions are carried out on a Riemannian manifold (M,M), while two-point tensors are treated
on a pair of Riemannian manifolds (M,M) and (N ,m) over a smooth map ϕ : M → N .

2.1 Physical dimensions of tensor fields

Let {u1, . . . , uk} denote a set of fundamental units (e.g., international system of units, British imperial sys-
tem, US customary system). A change of the system of units is defined by rescaling these fundamental units
by positive factors λ1, . . . , λk ∈ R+, respectively. If under this change of units a scalar physical quantity ϕ
transforms as ϕ 7→ λα1

1 · · ·λαk

k ϕ, we write [ϕ] = [u1]
α1 · · · [uk]αk , where [ · ] denotes the physical dimension

[Bridgman, 1922; Barenblatt, 2003]. For example, if ϕ represents a mass density, then under rescaling of length
and mass units it transforms as ϕ 7→ λmass λ

−3
length ϕ, and hence [ϕ] = [mass] [length]−3 = ML−3. Thus, the

physical dimension of ϕ is completely characterized by its scaling behavior under changes of the fundamental
units. Let U be a vector field. If under a change of the system of units it transforms as U 7→ λβ1

1 · · ·λβk

k U, one
writes [U] = [u1]

β1 · · · [uk]βk . This definition is coordinate-free: the vector field itself is multiplied by a scalar
under a change of units, while its components may have different physical dimensions depending on the choice
of coordinates. For example, a velocity vector has physical dimension LT−1. Let α be a 1-form. If under a
change of the system of units it transforms as α 7→ λγ1

1 · · ·λγk

k α, we write [α] = [u1]
γ1 · · · [uk]γk . This definition

is again coordinate-free. For example, consider a force field F, viewed as a 1-form. When acting on a velocity
vector V of a particle, the scalar field ⟨F,V⟩ represents power, and hence has physical dimension ML2T−3.

A tensor of type
(
r
s

)
at X ∈ M is a multilinear map

T : T ∗
XM× · · · × T ∗

XM︸ ︷︷ ︸
r copies

×TXM× · · · × TXM︸ ︷︷ ︸
s copies

→ R , (2.1)

where TXM is the tangent space of M at X, and T ∗
XM is its dual [Marsden and Hughes, 1983]. The tensor T

is said to be contravariant of order r and covariant of order s. Let {XA} be a local coordinate chart on M. T
admits the following coordinate representation

T = TA1...Ar
B1...Bs

∂

∂XA1
⊗ · · · ⊗ ∂

∂XAr
⊗ dXB1 ⊗ · · · ⊗ dXBs , (2.2)

with TA1...Ar
B1...Bs denoting the components of T with respect to the coordinate basis {∂A} and its dual basis

{dXA}, such that, for αk = αk
A dX

A ∈ T ∗
XM and Vk = V A

k ∂A ∈ TXM, one may write

T(α1, . . . ,αr,V1, . . . ,Vs) = TA1...Ar
B1...Bs α

1
A1

· · ·αr
Ar
V B1
1 · · ·V Bs

s . (2.3)

A two-point tensor of type
(
r r′

s s′

)
over a map ϕ : M → N is a multilinear map

T : T ∗
XM× · · · × T ∗

XM︸ ︷︷ ︸
r copies

×TXM× · · · × TXM︸ ︷︷ ︸
s copies

×T ∗
xN × · · · × T ∗

xN︸ ︷︷ ︸
r′ copies

×TxN × · · · × TxN︸ ︷︷ ︸
s′ copies

→ R ,
(2.4)

where X ∈ M and x = ϕ(X). The two-point tensor T is said to be contravariant of order (r, r′) and covariant of
order (s, s′). Let {XA} and {xa} be local coordinate charts on M and N , respectively. T admits the following
coordinate representation

T = TA1...Ar a1...ar′
B1...Bs b1...bs′

∂

∂XA1
⊗ · · · ⊗ ∂

∂XAr
⊗ ∂

∂xa1
⊗ · · · ⊗ ∂

∂xar′

⊗ dXB1 ⊗ · · · ⊗ dXBs ⊗ dxb1 ⊗ · · · ⊗ dxbs′ ,
(2.5)

with TA1...Ar a1...ar′B1...Bs b1...bs′ denoting the components of T in the coordinate bases {∂A},
{

∂
∂xa

}
and their

dual bases
{
dXA

}
, {dxa}, such that, for Π(k) = Π

(k)
A dXA ∈ T ∗

XM, W(k) = WA
(k) ∂A ∈ TXM, π(k) = π

(k)
a dxa ∈

T ∗
xN , and w(k) = wa

(k)
∂

∂xa ∈ TxN , one may write

T(Π(1), . . . ,Π(r),W(1), . . . ,W(s),π
(1), . . . ,π(r′),w(1), . . . ,w(s′))

= TA1...Ar a1...ar′
B1...Bs b1...bs′ Π

(1)
A1

· · ·Π(r)
Ar

WB1

(1) · · ·W
Bs

(s)π
(1)
a1

· · ·π(r′)
ar′

wb1
(1) · · ·w

bs′
(s′) .

(2.6)
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The physical dimension of the tensor (or two-point tensor) T is defined by its scaling under a change of the
system of units. If T 7→ λδ11 · · ·λδkk T, we write, independently of coordinates, that [T] = [u1]

δ1 · · · [uk]δk .

Remark 2.1. The norm of a tensor field is defined using a metric and represents the magnitude of the cor-
responding physical quantity. Therefore, it must have the same physical dimension as the tensor itself. For
example, the norm of a velocity vector is the speed, and both have physical dimension LT−1. If the norm of a
tensor T does not have the same physical dimension as T, then the metric used to define the norm introduces
an inconsistent physical scaling. In this case, the metric does not correctly represent the physical geometry of
the quantity under consideration. Consequently, a physically meaningful metric must be such that the norm of
any tensor has the same physical dimension as the tensor itself.

The metric-induced norms above rely on a further piece of notation, introduced here for use throughout
the paper. On a Riemannian manifold (M,M) the metric M supplies a canonical isomorphism between the
tangent and cotangent bundles. The flat map ♭ : TM → T ∗M, V♭ := M(V, ·), lowers an index according
to VAMAB = VB . Its inverse, the sharp map ♯ : T ∗M → TM, ϑ♯ := M−1(ϑ, ·), raises an index through
ϑAM

−AB = ϑB , where M−AB are the components of M−1. The two operations act on a general
(
r
s

)
tensor

by contracting, respectively, its contravariant slots with M and its covariant slots with M−1. Applied to the
metric itself, sharpening returns the inverse metric: M♯ = M−1MM−1 = M−1, and hence in components
MAB = M−AB .

2.2 Physical components in orthogonal coordinates

Let (M,M) be a Riemannian manifold, {XA} be an orthogonal curvilinear coordinate chart,
{
∂A := ∂/∂XA

}
the corresponding (orthogonal) coordinate basis, and {dXA} its dual basis. The matrix representation of the
metric is hence JMABK is diagonal.1 Let U be an arbitrary vector with physical dimension [U] and ϑ be an
arbitrary 1-form with physical dimension [ϑ]. By definition of the metric-induced inner product, the scalar
∥U∥2M = ⟨⟨U,U⟩⟩M has physical dimension [U]2, and the scalar ∥ϑ∥2M♯ = ⟨⟨ϑ,ϑ⟩⟩M♯ has physical dimension
[ϑ]2—see Remark 2.1. One hence writes

[U]2 = [⟨⟨U,U⟩⟩M] , [ϑ]2 = [⟨⟨ϑ,ϑ⟩⟩M♯ ] . (2.7)

However, the coordinate representations U = UA∂A and ϑ = ϑAdX
A yield components {UA} and {ϑA} that

do not, in general, share the same physical dimensions as U and ϑ, respectively. In what follows, we proceed to
define and derive physical components of an arbitrary tensor with respect to an orthogonal curvilinear coordinate
system.

Let us normalize the coordinate basis ∂A as

ÊA :=
1

∥∂A∥M
∂A =

1√
⟨⟨∂A, ∂A⟩⟩M

∂A =
1√
MAA

∂A (no summation on A) . (2.8)

We next show that the normalized basis vectors ÊA are dimensionless.Specializing (2.7) for the coordinate basis

vectors ∂A yields [∂A]
2
= [⟨⟨∂A, ∂A⟩⟩M] = [MAA] (no summation on A). Consequently, for the normalized basis

vector ÊA, we conclude it is dimensionlessî
ÊA

ó
=

1[√
MAA

] [∂A] =

√
[MAA]√
[MAA]

= 1 (no summation on A) . (2.9)

Let {Ω̂A} be the dual coframe of {ÊA}. For the orthogonal coordinates {XA}, we have

Ω̂A =
√

MAA dX
A (no summation on A) . (2.10)

Specializing (2.7) for the coordinate dual basis {dXA} yields
[
dXA

]2
=

[
⟨⟨dXA, dXA⟩⟩M♯

]
=

[
MAA

]
= 1/ [MAA]

(no summation on A),2 and one finds that {Ω̂A} is dimensionless.

1We reserve square brackets [·] for physical dimensions and use double brackets J·K for matrix representations.
2Note that MAA = 1/MAA (no summation on A) follows from the fact that the metric representation JMABK is diagonal.
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Let write a vector U and a co-vector ϑ in components using (2.8) and (2.10)

U = UA ∂A =
∑
A

UA
√
MAA ÊA = ÛA ÊA , ϑ = ϑA dX

A =
∑
A

ϑA√
MAA

Ω̂A = ϑ̂A Ω̂A , (2.11)

where the components ÛA and ϑ̂A obtained in this way carry the same physical dimensions as U and ϑ (unlike

the coordinate components UA and ϑA), respectively, since the frames {ÊA} and {Ω̂A} are dimensionless. The

quantities ÛA and ϑ̂A are called physical components of U and ϑ, respectively, relative to the orthonormal
frame {ÊA} and coframe {Ω̂A}, respectively. Explicitly

ÛA :=
√
MAA UA , ϑ̂A :=

1√
MAA

ϑA (no summation on A) . (2.12)

2.3 Physical components in general coordinates

In this section, we consider a general local curvilinear coordinate system {XA} on M, i.e. one that is not
necessarily M-orthogonal. The coordinate basis {∂/∂XA} is hence, in general, not orthogonal.3 In order to
define physical components, we orthonormalize the frame and use the results of the previous subsection. We
proceed by constructing an orthonormal moving frame {ÊA} via the Gram–Schmidt process. First, normalize
the first basis element,

Ê1 :=
1√
M11

∂

∂X1
. (2.13)

Next, take the orthogonal projection of ∂/∂X2 relative to ∂/∂X1 which is given by

Ě2 :=
∂

∂X2
− M12

M11

∂

∂X1
. (2.14)

Its squared norm is ⟨⟨Ě2, Ě2⟩⟩M = (M11M22 −M2
12)/M11, so that the normalized vector is

Ê2 =

 
M11

M11M22 −M2
12

Ě2 . (2.15)

Finally, let us take the orthogonal projection of ∂/∂X3 relative to the plane (∂/∂X1, ∂/∂X2)

Ě3 =
∂

∂X3
− M13

M11

∂

∂X1
− M11M23 −M12M13

M11M22 −M2
12

Å
∂

∂X2
− M12

M11

∂

∂X1

ã
. (2.16)

Its squared norm is ⟨⟨Ě3, Ě3⟩⟩M = detM/(M11M22 −M2
12), so that the normalized vector is

Ê3 =

 
M11M22 −M2

12

detM
Ě3 . (2.17)

The Gram–Schmidt process carried out above in (2.13)–(2.17) may be compactly encoded in a linear transfor-

mation L : TXM → TXM relating the construction of the orthonormal frame {ÊA} from the coordinate frame
{∂/∂XA} as

ÊA = LA
B ∂

∂XB
, (2.18)

with the orthonormalization transformation L explicitly given by the following representation

JLA
BK =



1√
M11

0 0

−M12√
M11 (M11M22 −M2

12)

 
M11

M11M22 −M2
12

0

M12M23 −M13M22√
(M11M22 −M2

12) detM

M12M13 −M11M23√
(M11M22 −M2

12) detM

…
M11M22 −M2

12

detM


. (2.19)

3Note that the metric representation JMABK is hence not necessarily diagonal.
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The dual coframe {Ω̂A} is defined by ⟨Ω̂A, ÊB⟩ = δAB , and hence

Ω̂A =
(
L−1

)
B
A dXB . (2.20)

As in the orthogonal case, the frame {ÊA} and coframe {Ω̂A} are dimensionless. As a matter of fact, by

construction ⟨⟨ÊA, ÊA⟩⟩M = 1 (no summation on A), and hence [ÊA]
2 = 1. The dual coframe inherits this

property: ⟨Ω̂A, ÊB⟩ = δAB gives [Ω̂A] = 1.
Inverting (2.18) and its dual (2.20) yields

∂

∂XB
=

(
L−1

)
B
A ÊA , dXB = LA

B Ω̂A . (2.21)

Substituting into the coordinate expressions for U = UA ∂A and ϑ = ϑA dX
A gives

U = UB ∂

∂XB
= UB

(
L−1

)
B
A ÊA = ÛA ÊA , ϑ = ϑB dX

B = ϑB LA
B Ω̂A = ϑ̂A Ω̂A , (2.22)

from which the physical components of U and ϑ, i.e. their components relative to the (dimensionless) orthonor-

mal frame {ÊA} and coframe {Ω̂A}, may be read off as

ÛA =
(
L−1

)
B
A UB , ϑ̂A = LA

B ϑB . (2.23)

Remark 2.2 (Transformation of physical components under a change of orthonormal frames). Ametric fixes the
family of orthonormal frames but not a specific member of it. In orthogonal coordinates (§2.2) the normalized
coordinate basis is a distinguished member—the unique frame tangent to the coordinate lines, whereas the
Gram–Schmidt constructed frame above is merely one arbitrary choice, and any other orthonormal frame differs
from it by an orthogonal transformation. Explicitly, any M-orthonormal frame {ẼA} is related to {ÊA} by a
unique field of orthogonal transformations T(X) ∈ O(TXM,M(X)) such that4

ẼA = TA
B ÊB , or equivalently ÊB = (T−1)B

A ẼA , (2.24)

and, conversely, every such T carries {ÊA} to an M-orthonormal frame. The family of orthonormal frames
adapted toM is thus a single equivalence class, any two members of which differing by an element ofO(TXM,M(X)).5

Fixing a new frame {ẼA}, it follows from (2.24) that

U = ÛA ÊA = ÛA(T−1)A
B ẼB = ŨB ẼB , (2.25)

where physical components of U with respect to the transformed orthonormal frame {ẼA} are given by

ŨB = (T−1)A
B ÛA . (2.26)

Let {Ω̃A} denote the coframe dual to {ẼA}. Since Ω̃A(ẼB) = δAB , one has

Ω̃A = (T−1)B
A Ω̂B , or equivalently Ω̂B = TA

B Ω̃A . (2.27)

Hence, one may write
ϑ = ϑ̂A Ω̂A = ϑ̂A TB

A Ω̃B = ϑ̃B Ω̃B , (2.28)

where physical components of ϑ with respect to the transformed orthonormal coframe {Ω̃A} are given by

ϑ̃B = TB
A ϑ̂A . (2.29)

Thus, given a choice of orthonormal frame physical components are uniquely determined, and they are otherwise
defined up to the orthogonal transformations (2.26) and (2.29).

4O(TXM,M(X)) is the group of M-orthogonal transformation over TXM, by which we mean a transformation
T(X) : TXM → TXM that preserves the metric, i.e. TMT⋆ = M; expressed in components with respect to the orthonormal

frames {ẼA} and {ÊA}, this reads TA
C δCD TB

D = δAB .
5This gauge freedom is equivalently a freedom in the orthonormalization of the coordinate basis. From (2.18) and (2.24),

the transformed frame is generated by L̃ = TL, i.e. ẼA = L̃A
B ∂/∂XB . Conversely, any orthonormalization map L̃—e.g.,

Gram–Schmidt with a different ordering or a symmetric orthonormalization—satisfies the same orthonormality condition as L, i.e.
L̃M L̃⋆ = LML⋆ = δ, which yields L̃L−1M(L̃L−1)⋆ = δ, and hence defines an orthogonal transformation T := L̃L−1 relating L̃
to L. The choice of orthonormalization procedure is therefore indeed none other than the orthogonal gauge freedom (2.24).
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Remark 2.3 (Orthogonal coordinates). In orthogonal coordinates the metric components MAB are diagonal,
and the Gram–Schmidt construction L as given in (2.19), and subsequently any other orthonormalization
L̃ = TL, reduces to a diagonal transformation. In particular, one finds following (2.19) that

LA
B =

1√
MAA

δBA ,
(
L−1

)
B
A =

√
MAA δ

A
B (no summation on A) . (2.30)

Thus, the general formulae (2.23) for physical components reduce to the orthogonal coordinate expressions (2.12).

2.4 Physical components of two-point tensors

Let ϕ : M → N be a smooth map between two Riemannian manifolds (M,M) and (N ,m), and let T be a

two-point tensor of type
(
r r′

s s′

)
over ϕ. Recall the coordinate representation (2.5) in coordinate charts {XA} on

M and {xa} on N . Physical components now require orthonormalization on both legs—the domain tangent
space TXM, equipped with M, and the codomain tangent space TxN , equipped with m. We work directly in
general coordinates; the orthogonal-coordinate case follows by the diagonal reduction (2.30) applied to each leg.

In general coordinates, the coordinate bases {∂A} and {∂a} are not necessarily orthogonal, and orthonormal
frames may be constructed on each leg—e.g., by the Gram–Schmidt process of §2.3—encoded in linear maps
L : TXM → TXM and ℓ : TxN → TxN such that

ÊA = LA
B ∂

∂XB
, êa = ℓa

b ∂

∂xb
, (2.31)

with dual coframes given by
Ω̂A = (L−1)B

A dXB , ω̂a = (ℓ−1)b
a dxb . (2.32)

As in §2.3, the orthonormality conditions ⟨⟨ÊA, ÊB⟩⟩M = δAB and ⟨⟨êa, êb⟩⟩m = δab render all four sets dimen-
sionless. Inverting (2.31) and its dual (2.32) yields

∂

∂XB
= (L−1)B

A ÊA , dXB = LA
B Ω̂A , (2.33a)

∂

∂xb
= (ℓ−1)b

a êa , dxb = ℓa
b ω̂a , (2.33b)

and substituting into (2.5) gives physical components of T

T̂A1...Ar a1...ar′
B1...Bs b1...bs′ = (L−1)C1

A1 · · · (L−1)Cr

Ar (ℓ−1)c1
a1 · · · (ℓ−1)cr′

ar′

× LB1

D1 · · ·LBs

Ds ℓb1
d1 · · · ℓbs′

ds′ TC1...Cr c1...cr′
D1...Ds d1...ds′ .

(2.34)

Each contravariant domain index is contracted with L−1 and each covariant domain index with L, while each
contravariant codomain index is contracted with ℓ−1 and each covariant codomain index with ℓ. For a two-
point tensor of type

(
0 1
1 0

)
—one contravariant codomain index and one covariant domain index, the type of the

deformation gradient—this reduces to
T̂ a

A = (ℓ−1)b
a T b

B LA
B . (2.35)

Change of orthonormal frames. The gauge freedom of Remark 2.2 now acts on the two legs independently:
each metric fixes the family of orthonormal frames on its tangent space but no specific member, so TXM and
TxN each carry their own orthogonal gauge. For any pair of orthonormal frames {ẼA} on TXM and {ẽa} on
TxN , there exist Q(X) ∈ O(TXM,M) and q(x) ∈ O(TxN ,m) such that

ẼA = QA
B ÊB , ẽa = qa

b êb , (2.36)

with dual coframes
Ω̃A = (Q−1)B

A Ω̂B , ω̃a = (q−1)b
a ω̂b , (2.37)

exactly as in (2.24) and (2.27). For the prototype (2.35) this gives us

T̃ a
A = (q−1)b

a T̂ b
B QA

B , (2.38)
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the contravariant codomain index transforming as a vector (2.26) and the covariant domain index as a 1-
form (2.29); the general case (2.34) transforms one such factor per index. Thus, for a fixed pair of metrics (M,m),
physical components of a two-point tensor are uniquely defined up to independent orthogonal transformations
of the two frames, transforming under O(TXM,M)×O(TxN ,m). As in Remark 2.2, choosing the two frames
is equivalent to choosing an orthonormalization procedure on each leg.

Remark 2.4 (Physical components as frame-dependent representations). A tensor field is an intrinsic geometric
object, defined independently of any choice of coordinates, basis, or frame. Once metrics are chosen on M and
N , one may represent a two-point tensor T with respect to orthonormal frames on its two legs and obtain what
are commonly called its physical components. These components are not intrinsic. The reason is that a metric
determines the family of orthonormal frames but not a unique member of it, so that physical components are fixed
only up to the gauge freedom (2.38). For orthogonal coordinate systems there is a distinguished orthonormal
frame, obtained by normalizing the coordinate basis vectors; this provides a natural choice and explains the
widespread use of physical components in applications. The choice is tied to the coordinate system, however,
and not to the metric, so it is not intrinsic either. In general coordinates there is no preferred frame, and hence
no canonical notion of physical components. This situation is completely analogous to the representation of a
vector in Euclidean space. A vector is an intrinsic geometric object, whereas its Cartesian components depend
on the chosen orthonormal basis. The metric identifies which bases are orthonormal, but it does not single
out a preferred one. Likewise, physical components are simply the components of a tensor relative to a chosen
orthonormal frame. The tensor itself is thus the fundamental geometric object, its physical components being
frame-dependent representations of it—representations one can hardly do without, being referred throughout
to unit directions and carrying, unlike the coordinate components, a single physical dimension. The point is
not to deny their usefulness, but to emphasize their non-uniqueness.

2.5 Normalized and physical components: A general framework

The orthonormal-frame constructions of the preceding subsections are special cases of a broader family of schemes
that define tensor components with consistent physical dimension. In this subsection, we characterize this family,
whose members we call normalization transformations and whose outputs we call normalized components.
We identify the additional requirements under which normalized components represent physically significant
quantities, and hence deserve the designation physical, and determine what these requirements entail in general
coordinates. We then use this framework to assess alternative constructions proposed in the literature, notably
that of Aris [1962], against the same requirements.

2.5.1 Dimensional consistency

Let {XI} be an arbitrary local coordinate chart on (M,M), with n = dimM. Let A and B be invertible,
position-dependent transformations acting on the coordinate frame and coframe, respectively, and generating
the frame and coframe fields

ÊA = AA
I ∂I , Ω̂A = BI

A dXI , (2.39)

with no orthonormality, or any relation between the two assumed at this stage. An arbitrary vector U = UI ∂I
and 1-form ϑ = ϑI dX

I have the representations U = ÛA ÊA and ϑ = ϑ̂A Ω̂A, with components

ÛA = (A−1)I
A UI , ϑ̂A = (B−1)A

I ϑI . (2.40)

We call A (and B, respectively) a normalization transformation if [ÛA] = [U] for every vector U (if [ϑ̂A] = [ϑ] for
every 1-form ϑ, respectively), i.e. if all the components it defines carry the physical dimension of the underlying
tensor field.

Lemma 2.1 (Dimensional characterization). A is a normalization transformation if and only if the frame it

generates is dimensionless, i.e. [ÊA] = 1. Similarly, B is a normalization transformation if and only if the

coframe it generates is dimensionless, i.e. [Ω̂A] = 1.

Proof. Suppose A is a normalization transformation and take U = ÊB , whose components are ÛA = δAB
and hence dimensionless; then [ÊB ] = [U] = [ÛA] = 1. Conversely, U = ÛA ÊA gives [U] = [ÛA] [ÊA] (no

summation on A), so that [ÊA] = 1 yields [ÛA] = [U] for every U. The 1-form proof follows similarly.
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Dimensional consistency, however, is not a requirement imposed upon normalization transformations but
the attribute that defines them, and it does not by itself suffice. Two additional requirements are needed for the
normalized components to be physically significant: first, normalization must preserve the component expression
of the natural pairing, so that ⟨ϑ,U⟩ = ϑIU

I = ϑ̂A ÛA for every vector U and 1-form ϑ. Second, the normal-
ized frame and coframe must be of unit length. Without this requirement, their arbitrary rescaling produces
corresponding inverse rescalings of the normalized components, so the numerical value of a component depends
on the scale assigned to the frame or coframe element rather than only on the tensor and the associated direc-
tion. Unit normalization removes this scaling ambiguity, and one requires that

∥∥ÊA

∥∥
M

= 1 and
∥∥Ω̂A

∥∥
M♯ = 1.

Neither requirement follows from dimensional consistency alone. The first may fail because the maps A and
B may be chosen independently, so that the normalizations of contravariant and covariant components need
not be mutually consistent. The second may fail because the class of normalization transformations is closed
under A 7→ SA and B 7→ BT for arbitrary dimensionless invertible transformations S(X),T(X) ∈ GL(TXM),6

and any two sets (A,B) and (A′,B′) of normalization transformations differ by exactly one such dimensionless
pair, S = A′A−1 and T = B−1B′.7 Each map is thus determined only up to a dimensionless GL(TXM) gauge
freedom, the frame and the coframe being rescalable at will.8 In what follows, we impose the two requirements
in turn, and record at each step the reduction of this gauge freedom.

2.5.2 Dual compatibility

The first requirement noted above—that of natural pairing consistency—may be achieved by requiring the
normalization to preserve the natural pairing between vectors and 1-forms, i.e.

(D) : ϑ̂A ÛA = ϑI U
I , (2.41)

for every vector U and covector ϑ. From (2.40), and since ⟨Ω̂B , ÊA⟩ = AA
I BI

B , this requirement admits the
equivalent characterizations

ϑ̂A ÛA = ϑI U
I ⇐⇒ B = A−1 ⇐⇒ ⟨Ω̂B , ÊA⟩ = δBA . (2.42)

A pair (A,B) satisfying (2.41)—or any of the equivalent conditions of (2.42)—is said to be dual-compatible and
may hence be designated by a single transformation. Dual compatibility is a characterization rather than a mere
constraint: the last of (2.42) states that {Ω̂A} is the coframe dual to {ÊA}, i.e. that the two normalization
rules descend from a single frame field rather than from two unrelated ones. The component formulae (2.40)
are then governed by the single map A,

ÛA = (A−1)I
A UI , ϑ̂A = AA

I ϑI , (2.43)

and, more generally, for a tensor T = T I1...Ir
J1...Js

∂I1⊗· · ·⊗∂Ir⊗dXJ1⊗· · ·⊗dXJs , the normalized components

T̂A1...Ar
B1...Bs

= (A−1)I1
A1 · · · (A−1)Ir

Ar AB1

J1 · · ·ABs

Js T I1...Ir
J1...Js

, (2.44)

are obtained by contracting each contravariant index with A−1 and each covariant index with A. The two
independent gauge freedoms collapse into one: B is determined by A, the two transformations being locked by
T = S−1, and a single dimensionless GL(TXM) gauge freedom remains—precisely the condition under which
the pairing is gauge-invariant.

2.5.3 Unit length and orthonormality

The second requirement noted above, which consists of removing the freedom to rescale the frame and coframe,
and hence the resulting ambiguity in the magnitudes of the normalized components, may be achieved by setting

6GL(TXM) is the group of invertible linear transformations of TXM; expressed in components with respect to a pair of frames,
it is the group of invertible matrices JSABK. Note that the orthogonal group discussed earlier is the subgroup O(TXM,M) ⊂
GL(TXM) preserving the metric M.

7S = A′A−1 and T = B−1B′ are dimensionless as they effectively relate dimensionless frames and coframes.
8The independent gauge freedoms associated with S and T further emphasize that dimensional consistency alone does not ensure

compatibility between the normalized contravariant and covariant components.

9



the frame and coframe to be of unit length:

(N):
∥∥ÊA

∥∥2
M

= AA
I AA

J MIJ = 1 , (no summation on A) , (2.45a)

(N
∗
) :

∥∥Ω̂A
∥∥2
M♯ = BI

A BJ
A MIJ = 1 , (no summation on A) . (2.45b)

Under dual compatibility, dimensional consistency is equivalently set either by the frame or its dual. Unit length,
however, is not similarly inherited, since duality is a statement on the natural pairing and not the metric. As
a matter of fact, the coframe dual to a frame of unit length need not, in general, be of unit length. Conditions
(N) and (N∗) must therefore be imposed separately. The following proposition characterizes when they can hold
simultaneously under dual compatibility.

Proposition 2.2. For a dual-compatible normalization transformation A, the following are equivalent: (i) (N)

& (N∗) hold simultaneously; (ii) {ÊA} is M-orthonormal; (iii) {Ω̂A} is M♯-orthonormal.

Proof. Let HAB := ⟨⟨ÊA, ÊB⟩⟩M = AA
I AB

J MIJ denote the Gram matrix of the frame, a symmetric positive-
definite matrix. By dual compatibility (B = A−1), and the Gram matrix of the coframe reads

⟨⟨Ω̂A, Ω̂B⟩⟩M♯ = (A−1)I
A A−1)J

B MIJ = (H−1)AB . (2.46)

The equivalence of (ii) and (iii) is then immediate, JHABK = JδABK if and only if J(H−1)ABK = JδABK, and either
implies (i). Conversely, let λ1, . . . , λn > 0 denote the eigenvalues of JHABK. Conditions (N) and (N∗) fix the
diagonal entries of JHABK and J(H−1)ABK to unity by (2.46), and hence both traces to n, so that

n∑
k=1

(
λk +

1

λk

)
= trJHABK + trJ(H−1)ABK = 2n . (2.47)

Since λ + λ−1 ⩾ 2 for every λ > 0, with equality if and only if λ = 1, it follows from (2.47) that every
eigenvalue equals unity. Real and symmetric, JHABK is orthogonally diagonalizable, JHABK = JQK JΛK JQK⊤ with
JQK orthogonal and JΛK = JδABK the diagonal matrix of its eigenvalues. Hence, JHABK = JQK JQK⊤ = JδABK,
and the frame is M-orthonormal.

2.5.4 From normalized components to physical components

Together with the inherent dimensional consistency of normalization transformations, the two additional re-
quirements justify the designation physical components: dimensional consistency gives the components the
same physical dimensions as the tensor field, dual compatibility ensures consistency between the normalized
contravariant and covariant components, and unit normalization of the frame and coframe removes the ar-
bitrary scaling of the components associated with rescaling their frame and coframe elements. By Proposi-
tion 2.2, the physically admissible transformations are precisely those dual-compatible that orthonormalize the
coordinate frame (AA

I AB
J MIJ = δAB), and the residual GL(TXM) ambiguity is thereby reduced to the or-

thogonal subgroup O(TXM,M(X)): every admissible transformation is of the form AA
I = TA

B LB
I for some

T(X) ∈ O(TXM,M(X)), the Gram–Schmidt map L of (2.19) being one representative, singled out by the
construction rather than by the conditions and no more distinguished than any other. The orthogonal gauge
freedom of Remark 2.2 is thus not an artifact of that construction: it is what remains of the ambiguity of the
general framework once all three conditions are imposed.

Remark 2.5 (The construction of Aris and its dual). Aris [1962] extended physical components to non-
orthogonal coordinates by normalizing each coordinate basis vector,

Ê(A) =
1√
MAA

∂A (no summation on A) , (2.48)

so that for a vector U = UI ∂I , physical components are defined by

U(A) =
√
MAA UA (no summation on A) . (2.49)
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For a covector (1-form) ϑ = ϑI dX
I , one first raises the index and then applies the same rule,

ϑ(A) =
√
MAA MAIϑI (no summation on A) . (2.50)

In the present notation, (2.49) and (2.50) correspond to the pair

AA
I =

1√
MAA

δIA , BI
A =

1√
MAA

MIA (no summation on A) , (2.51)

whose generated coframe is

Ω̂A =
1√
MAA

MIA dX
I =

(
Ê(A)

)♭
(no summation on A) ; (2.52)

Aris’s covector rule is his vector rule applied to ϑ♯, and the coframe it generates is the metric-dual of his frame
rather than its dual coframe. The pair (2.51) consists of normalization transformations and satisfies (N) and
(N∗)—the musical isomorphisms being isometries—but it is not dual-compatible:

⟨Ω̂B , Ê(A)⟩ =
MAB√

MAA MBB

(no summation on A and B) . (2.53)

Note that, by Proposition 2.2, a pair satisfying (D), (N), and (N∗) would render the coordinate directions
orthogonal. The underlying reason is that the flat map preserves length while duality preserves the pairing,
the two coinciding precisely on an orthonormal frame; a construction referred to normalized non-orthogonal
coordinate directions must therefore choose between them. Retaining Aris’s frame {Ê(A)} from (2.48) but
pairing it with its genuine dual coframe restores dual compatibility (D) and vector normalization (N), while
sacrificing covector normalization (N∗)—the dual coframe elements failing, in general, to be of unit length by
(2.46) whenever the chart is non-orthogonal.

The mirror construction, which starts instead from the normalized coordinate coframe,

Ω̂A =
1√
MAA

dXA , Ê(A) =
(
Ω̂A

)♯
(no summation on A) , (2.54)

i.e. ϑ̂A =
√
MAA ϑA and ÛA =

√
MAA MAI U

I (no summation on A), satisfies (N) and (N∗) but fails (D) for
the same reason as Aris’s original construction. Note that it does not coincide with it, so that relinquishing
dual compatibility does not single out an alternative. Retaining the coframe {Ω̂A} from (2.54) but pairing it
with its genuine dual frame instead of its metric-dual restores (D) and (N∗) while sacrificing (N)—the dual
frame elements failing, in general, to be of unit length, by the same argument as in (2.46), whenever the chart
is non-orthogonal. Each of the four constructions satisfies two of the three conditions; none satisfies all three
(D), (N), and (N∗).

In summary, if physical components are understood merely as normalized components—that is, components
carrying the physical dimensions of the underlying tensor field and nothing further—they remain ambiguous
under independent dimensionless GL(TXM) gauge transformations acting on the contravariant and covariant
indices. Requiring the natural pairing to retain its component form relates these two gauge freedoms, leaving
a single GL(TXM) gauge freedom. Requiring, in addition, both the normalized frame and its dual coframe to
be of unit length reduces the remaining freedom to the orthogonal subgroup O(TXM,M(X)). Together, these
requirements reduce the general normalization framework to the orthonormal-frame construction of §2.3. Its
residual orthogonal gauge freedom is therefore not an artifact of the Gram–Schmidt procedure, but precisely the
ambiguity left undetermined by dimensional consistency, dual compatibility, and unit normalization. Construc-
tions retaining greater freedom necessarily relinquish at least one of these requirements, as illustrated by the
alternatives in Remark 2.5: they sacrifice either compatibility between the normalized contravariant and covari-
ant components or unit normalization of the frame or coframe. Thus, up to a local orthogonal transformation,
the construction adopted in this paper is the only one whose components have the same physical dimensions
as the tensor field, preserve the component expression of the natural pairing, and are defined with respect to
a unit-normalized frame and coframe. The remaining orthogonal ambiguity cannot be eliminated without in-
troducing an additional choice of frame not determined by these requirements. Orthogonal coordinates provide
such a preferred frame through their coordinate directions, whereas general coordinates do not.
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(TXB,G)
F //

a
F ''

(TxS,g)

(TXB, G̊)

e
F=

a
F∗F

77

Figure 1: Elastic and anelastic distortions and their associated metrics. The anelastic distortion
a

F is an isometry from the material

configuration (B,G) onto the Euclidean configuration (B, G̊). Physical components of F are referred to G, those of
e

F to G̊, and
the spatial leg of both is referred to g.

3 Physical components in elasticity and inelasticity

In this section, we first briefly discuss the geometric framework of nonlinear elasticity and anelasticity and then
proceed to examine physical components, as introduced in §2, within the setting of this framework. Inelastic
processes beyond anelasticity are treated in §3.4, where viscoelasticity and visco-anelasticity are worked out.

3.1 Overview of geometric elasticity and anelasticity

In what follows, we give a terse account on nonlinear elasticity and anelasticity—e.g., [Marsden and Hughes,
1983; Yavari and Sozio, 2023; Sadik and Yavari, 2025].

Body, ambient space, and motion. We model the elastic body as a smooth three-dimensional manifold B
embedded in the Euclidean ambient space S = R3. Its motion is described by a time-dependent deformation
map φt : B → S, which carries each material point X ∈ B to a spatial location x = φt(X) ∈ S. With the motion
separating the referential and spatial pictures, we label quantities in the two accordingly: referential objects are
denoted by uppercase characters and spatial ones with lowercase characters. We work in local charts {XA} on
B and {xa} on S, with corresponding coordinate frames {∂/∂XA} and {∂/∂xa} and corresponding reciprocal
coframes {dXA} and {dxa}. Repeated indices are summed in the sense of Einstein notation, i.e. uivi :=

∑
i u

ivi.
The ambient space is equipped with the flat (Euclidean) metric g = gab dx

a⊗ dxb, whose components reduce to
the Kronecker delta, gab = δab, in Cartesian coordinates. For two spatial vectors u,w ∈ TxS, the metric inner
product is ⟨⟨u,w⟩⟩g = uawbgab, while the duality pairing of a 1-form α ∈ T ∗

xS with a vector reads ⟨α,u⟩ = αau
a.

The associated Riemannian volume form is dv =
√
detg dx1 ∧ dx2 ∧ dx3, and we write ∇̄ for the Levi-Civita

connection of (S,g), with Christoffel symbols γabc.

Euclidean reference configuration. Pulling the ambient metric back to the body through the inclusion
map ι : B ↪→ S endows B with a Euclidean reference metric G̊ = ι∗g; equivalently, G̊ is the restriction of g to
B. Componentwise, G̊ = G̊AB dX

A ⊗ dXB . For instance, G̊ = dR⊗ dR+R2 dΘ⊗ dΘ+ dZ ⊗ dZ in cylindrical
coordinates. It should be stressed that G̊ records only the geometry that B inherits from its embedding and need
not coincide with the body’s intrinsic, stress-free geometry, which anelastic eigenstrains may render different.
The G̊-inner product and its duality pairing on TXB are denoted similarly to their spatial analogues, the volume

form is dV̊ =
√
det G̊ dX1∧dX2∧dX3, and the Levi-Civita connection of (B, G̊) is denoted ∇̊, with Christoffel

symbols Γ̊A
BC .

Deformation gradient. The local deformation may be quantified by the deformation gradient, defined as the
tangent (derivative) map of the motion φ; it reads F(X, t) = Tφt(X) over the domains TXB → Tφt(X)φt(B).
Being the differential of a map between two manifolds, F is a two-point tensor: it sends material tangent
vectors to spatial ones. Its components are given by the partial derivatives of the motion yielding the following
coordinate representation F(X) = Fa

A(X) ∂a ⊗ dXA.

Material configuration in finite anelasticity. In the presence of eigenstrains—intrinsic distortions arising
from plasticity, growth, swelling, or thermal expansion—the natural configuration of the body generally ad-
mits no isometric embedding in the Euclidean ambient space, and relaxing the body in physical space leaves it
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residually stressed. Residual stress is thus an expression of the non-Euclidean character of the natural config-
uration, which must accordingly be endowed with a material metric G distinct from G̊. Anelastic effects are
built into the kinematics through the Bilby–Kröner–Lee (BKL) multiplicative split of the deformation gradient

[Bilby et al., 1955; Kröner, 1959; Lee and Liu, 1967; Sadik and Yavari, 2017] F =
e

F
a

F, where the anelastic

factor
a

F : TXB → TXB encodes the local, stress-relieving distortion produced by the eigenstrains, mapping the
Euclidean reference configuration (B, G̊) to the stress-free material configuration (B,G), whereas the elastic

factor
e

F : TXB → TxS describes the recoverable elastic deformation from the material configuration to the
current one—see Fig. 1. While the total deformation gradient is compatible, F = Tφ, the individual distortions
e

F and
a

F are in general incompatible—they are not derivatives of smooth mappings—and this incompatibility is
precisely the failure of the locally relaxed state to be assembled into a global embedding in physical space. The
natural, stress-free lengths reside on the resulting abstract material manifold, whose geometry is carried by the

material metric obtained by pulling G̊ back along
a

F,9

G =
a

F∗G̊ , i.e. GAB =
a

FI
A G̊IJ

a

FJ
B . (3.1)

The G-inner product on TXB is denoted in a similar manner, the material volume form is denoted dV =√
detG dX1 ∧ dX2 ∧ dX3, and∇ (with Christoffel symbols ΓA

BC) denotes the Levi-Civita connection of (B,G).
The Jacobian J is defined by requiring that it relate the stress-free (material) and spatial volume elements
through φ∗dv = J dV ; one finds

J =

…
detg

detG
detF =

 
detg

det G̊
det

e

F . (3.2)

Finally, several sources of eigenstrain may coexist within a solid, each contributing a distinct distortion field, so

that the total anelastic distortion factorizes as
a

F =
∏N

j=1

j

F =
1

F . . .
N

F.

Material configuration in nonlinear elasticity. Nonlinear elasticity is the eigenstrain-free case, and it is

recovered by setting
a

F = idTXB—the identity map on TXB, such that the elastic distortion carries the entire

deformation,
e

F = F. The material metric then degenerates to the induced Euclidean one, G =
a

F∗G̊ = G̊,
and the material manifold collapses onto the Euclidean reference configuration (B, G̊): the natural, stress-free
state is globally embeddable in the ambient space, and the body relaxes without residual stress. Accordingly,

dV = dV̊ , ∇ = ∇̊, and the Jacobian (3.2) reduces to J = J̊ :=
»
detg/ det G̊ detF. Throughout, we retain the

notation (B, G̊) for the Euclidean reference configuration and (B,G) for the material one, the two coinciding
precisely in this elastic case.

Musical isomorphisms. Recall the musical isomorphisms introduced in §2.1 as metric-dependent instru-
ments. Therefore, in the framework of anelasticity, where the reference body carries two metrics, G̊ and G,

one has two such pairs of musical isomorphisms, which we label ♭̊, ♯̊ and ♭, ♯, respectively. In particular, one has

G̊♯̊ = G̊−1 and G♯ = G−1. The ambient space, by contrast, carries only g, so a single pair suffices there and
we write it simply as ♭ and ♯, with no risk of ambiguity. In particular, one writes g♯ = g−1.

Adjoint. The adjoint F⋆ of the deformation gradient is the unique linear map characterized by the duality
identity ⟨α,FU⟩ = ⟨F⋆α,U⟩, holding for all U ∈ TXB and all α ∈ T ∗

φ(X)S. Since it is built purely from the

dual pairing, no metric is needed; in components (F⋆)Aa = Fa
A, that is, F

⋆ ◦ φ(X) = Fa
A(X) dXA ⊗ ∂a.

Transpose. Unlike the adjoint, the transpose of F is metric-dependent, and in the reference configuration
the choice between G̊ and G matters. Pairing through g on the spatial side and G̊ on the material side, the

transpose FT̊ is defined by ⟨⟨FU,u⟩⟩g = ⟨⟨U,FT̊u⟩⟩G̊, which yields FT̊ = G̊♯̊F⋆g, or (FT̊)Aa = G̊ABFb
Bgba

in components. Repeating the construction with G in place of G̊, ⟨⟨FU,u⟩⟩g = ⟨⟨U,FTu⟩⟩G, gives instead

FT = G♯F⋆g, with components (FT)Aa = GABFb
Bgba.

9To see this, consider a curve γ : I → B, which is generally stressed in (B, G̊) but whose push-forward
a

F∗γ is locally stress-free.

Its squared arc-length element in the natural configuration reads ⟨⟨
a

Fγ′(t),
a

Fγ′(t)⟩⟩G̊ = ⟨⟨γ′(t), γ′(t)⟩⟩a
F∗G̊

—see [Yavari, 2021].
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Derived strain measures. Building on the constructions above, several standard (total) strain measures
may now be assembled

• Piola deformation tensor: B = φ∗g♯ = F−1g♯F−⋆, with components BAB = (F−1)Aag
ab(F−1)Bb;

• right Cauchy–Green tensor: C = φ∗g = F⋆gF, with components CAB = Fa
AgabF

b
B ;

• left Cauchy–Green (Finger) tensor: b = φ∗G
♯ = FG♯F⋆, with components bab = Fa

AG
ABFb

B ;

• inverse Finger tensor: c = φ∗G = F−⋆GF−1, with components cab = (F−1)AaGAB(F
−1)Bb.

In anelasticity, one may additionally define the following derived measure:

• elastic Piola deformation tensor:
e

B =
e

F∗g♯ =
e

F−1g♯
e

F−⋆, with components
e

BAB = (
e

F−1)Aag
ab(

e

F−1)Bb;

• elastic right Cauchy–Green tensor:
e

C =
e

F∗g =
e

F⋆g
e

F, with components
e

CAB =
e

Fa
Agab

e

Fb
B ;

• elastic left Cauchy–Green (Finger) tensor:
e

b =
e

F∗G̊
♯̊ =

e

FG̊♯̊
e

F⋆, with components
e

bab =
e

Fa
AG̊

AB
e

Fb
B ;

• elastic inverse Finger tensor:
e
c =

e

F∗G̊ =
e

F−⋆G̊
e

F−1, with components
e
cab = (

e

F−1)AaG̊AB(
e

F−1)Bb.

Remark 3.1. Note that since G =
a

F∗G̊, it follows that B =
a

F∗ e

B and C =
a

F∗ e

C, while b =
e

b and c =
e
c.

Constitutive assumptions. A solid is hyper-anelastic when its stress derives from a scalar energy func-

tion [Sadik and Yavari, 2025]. In anelasticity the eigenstrains encoded in
a

F are stress-relieving, so that
the natural configuration (B,G) stores no energy and only the recoverable part of the deformation does:
the specific free energy—measured per unit mass—is accordingly a function of the elastic distortion alone,

W = W̊(X,Θ,
e

F, G̊,g ◦ φ), with Θ = Θ(X, t) the temperature field and
e

F reckoned against the Euclidean

reference metric G̊, consistently with
e

F : (TXB, G̊) → (TxS,g).10 Frame indifference (objectivity) constrains

this dependence, allowing the energy to be re-expressed through the elastic right Cauchy–Green tensor
e

C as

W̊ =
ˆ̊W(X,Θ,

e

C, G̊). Nonlinear elasticity is the degenerate case
a

F = idTXB, in which the whole of the defor-

mation is recoverable:
e

F = F and
e

C = C, and energy becomes a function of the total deformation gradient,

W = W̊(X,Θ,F, G̊,g ◦ φ) =
ˆ̊W(X,Θ,C, G̊)—the classical hyperelastic free energy referred to the Euclidean

reference configuration.

Stress measures. The Cauchy stress follows from the free energy through the Doyle–Ericksen formula [Doyle
and Ericksen, 1956; Sadik and Yavari, 2025], which admits the equivalent representations11

σ = ϱg♯ ∂W̊
∂

e

F

e

F⋆ = 2ϱ
e

F
∂
ˆ̊W

∂
e

C

e

F⋆ , (3.3)

where ϱ is the spatial mass density, i.e. the mass per unit deformed volume dv, related to the material mass
density ρ—the mass per unit stress-free volume dV—by ϱ = ρ/J . The Cauchy stress is a spatial tensor,
contravariant on both legs. Transporting one or both of its legs back to the reference configuration by means of
the Piola transform yields the two Piola–Kirchhoff stresses. The first Piola–Kirchhoff stress P is the two-point
tensor of type

(
1 1
0 0

)
obtained by pulling back the second leg of σ,

P = J σF−⋆ = ρg♯ ∂W̊
∂

e

F

a

F−⋆ , i.e. PaA = J σab (F−1)Ab , (3.4)

while the second Piola–Kirchhoff stress S is the fully referential tensor, contravariant of order two, obtained by
pulling back both legs,

S = F−1P = J F−1σF−⋆ , i.e. SAB = J (F−1)Aa σ
ab (F−1)Bb , (3.5)

so that σ = J−1PF⋆ = J−1FSF⋆ and P = FS. Unlike σ, both Piola–Kirchhoff stresses are measured per unit
stress-free volume dV ; correspondingly, the traction T = PN♭ is reckoned per unit stress-free area, with N the

10The specific free energy is the Legendre transform W = E −ΘN of the specific internal energy E with respect to the conjugate
pair (Θ,N ), N denoting the specific entropy, whence N = −∂W/∂Θ; see [Sadik and Yavari, 2025].

11In the sense of definition (2.1): σ is a tensor of type
(2
0

)
and it said to be contravariant of order 2. However, by musical

isomorphisms, one is able to construct all the other isometrically equivalent forms.
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G-unit normal. Since F : (TXB,G) → (TxS,g)—see Fig. 1, the referential legs of P and S are attached to the

material configuration (B,G) and their spatial legs to (S,g). In the elastic limit
a

F = idTXB the referential legs
are attached instead to the Euclidean reference configuration, recovering the classical Piola–Kirchhoff stresses
of nonlinear elasticity.

Material symmetry. Relative to the Euclidean reference (B, G̊), the material symmetry group G̊X of the

solid at a point X ∈ B collects those K̊ ∈ Orth(G̊) = {Q : TXB → TXB | Q⋆G̊Q = G̊} under which W̊ is left
unchanged, i.e.

W̊(X,Θ, K̊∗ e

F, K̊∗G̊,g) = W̊(X,Θ,
e

F, G̊,g) , (3.6)

for an arbitrary elastic distortion
e

F. The symmetries gathered in G̊X can be represented by a family of structural
tensors Λ̊ that span the tensors left invariant by the group action.12 Promoting these tensors to independent
arguments of the energy renders the constitutive law materially covariant [Lu, 2012]: for every linear isomorphism

T : TXB → TXB one then has W̊(X,Θ,
e

F, Λ̊, G̊,g) = W̊(X,Θ,T∗ e

F,T∗Λ̊,T∗G̊,g). Selecting the particular

isomorphism T =
a

F and invoking the identities
a

F∗ e

F =
e

F
a

F = F together with G =
a

F∗G̊ =
a

F⋆G̊
a

F recasts the
energy as

W = W(X,Θ,F,Λ,G,g) , (3.7)

where Λ :=
a

F∗Λ̊ denotes the structural tensors transported to the configuration (B,G). Equation (3.7) makes

transparent the way in which the material metric G =
a

F∗G̊ emerges of its own accord from the hyper-anelastic
description. A further appeal to objectivity permits yet another equivalent form, W = Ŵ(X,Θ,C,Λ,G).
The stress measures of the preceding paragraph may hence be represented equivalently in terms of the total
deformation,

σ = ϱg♯ ∂W
∂F

F⋆ = 2ϱF
∂Ŵ
∂C

F⋆ , P = ρg♯ ∂W
∂F

, S = 2ρ
∂Ŵ
∂C

, (3.8)

the passage to (3.8) from (3.3)–(3.5) being effected by the chain rule ∂W/∂F = (∂W̊/∂
e

F)
a

F−⋆. The nonlinear

elasticity case follows for
a

F = idTXB: the transport is trivial, Λ = Λ̊ and G = G̊, whence (3.7) reduces to (3.6).
The material metric carries no information beyond the embedding geometry, and one recovers the classical
notion of material symmetry referred to (B, G̊).

3.2 Physical components in nonlinear elasticity

Before taking up the anelastic setting, we discuss physical components in nonlinear elasticity, which we recall

is the case
a

F = idTXB: the material metric coincides with the induced Euclidean metric, G = G̊, and each

configuration carries a single metric—G̊ on the reference body and g in the ambient space. Taking M = B, N =
S, M = G̊, and m = g, we let L̊ and ℓ denote the orthonormalization maps of (2.31) on the reference and spatial
legs, respectively. Since each leg is equipped with a single metric, the only freedom in the orthonormalization
is the choice of frame described by (2.38), and orthogonality of {XA} and {xa} means, unambiguously, G̊- and
g-orthogonality.

Deformation gradient. Physical components of the deformation gradient F : (TXB, G̊) → (TxS,g) follow
from (2.35) as

F̂a
A = (ℓ−1)b

a Fb
B L̊A

B , (3.9)

which in orthogonal coordinates reduces to

F̂a
A =

…
gaa

G̊AA

Fa
A (no summation) , (3.10)

recovering the classical formula of the orthogonal-coordinate literature [Truesdell, 1953; Green and Zerna, 1954;
Aris, 1962]. The components F̂a

A are indeed dimensionless even if the coordinates carry mixed dimensions, e.g.,
in cylindrical coordinates.

12A finite collection of structural tensors Λ̊i, i = 1, . . . , N , suffices to characterize the subgroup G̊X ⊆ Orth(G̊); see, e.g., [Liu,
1982; Boehler, 1987; Zheng and Spencer, 1993; Zheng, 1994; Lu and Papadopoulos, 2000; Mazzucato and Rachele, 2006].
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Jacobian. Physical components also clear a familiar abuse of notation. It is common in the continuum
mechanics literature to write J = detF, which if taken literally is not well-defined: a two-point tensor has no
determinant independently of a choice of bases. Once bases are chosen, F = Fa

A
∂

∂xa ⊗ dXA is represented
by the matrix JFa

AK, whose determinant is well defined. This matrix determinant is not, in general, equal to
the Jacobian; from (3.2), they differ by the metric factor

√
detg/ detG, which equals unity only when both

coordinate bases are orthonormal. Referring the two legs of F to orthonormal frames absorbs precisely this factor
into the frames, so that the classical identity is restored—as it stands—by physical components. This is the
content of the following proposition, which requires of the frames only orthonormality and positive orientation.

Proposition 3.1. Let φ : B → S be a deformation between two Riemannian manifolds (B,G) and (S,g), and
let

F = Fa
A
∂

∂xa
⊗ dXA , Fa

A =
∂φa

∂XA
, (3.11)

be its deformation gradient in local coordinates {XA} on B and {xa} on S. Let {ÊA} and {êa} be positively-
oriented orthonormal frames related to the coordinate bases by

ÊA = LA
B ∂

∂XB
, êa = ℓa

b ∂

∂xb
, (3.12)

and let {Ω̂A} and {ω̂a} be their corresponding dual coframes, respectively. If F = F̂a
A êa ⊗ Ω̂A denotes the

representation of F in these orthonormal frames, then

J = detJF̂a
AK , (3.13)

where J = detJFK
√
detg/detG is the Jacobian of the deformation.

Proof. We know that F̂a
A =

(
ℓ−1

)
b
a Fb

B LA
B . Therefore, taking determinants gives

detJF̂a
AK = detJ

(
ℓ−1

)
b
aKdetJFKdetJLA

BK . (3.14)

We now compute the determinants of the orthonormalization matrices. Since {êa} is orthonormal, δab =
⟨⟨êa, êb⟩⟩g = ℓa

c ℓb
d gcd. Taking determinants, one obtains (det ℓ)2 detg = 1. Because the spatial orthonormal

frame is assumed to be positively oriented, det ℓ−1 = 1/ det ℓ =
√
detg. Similarly, the orthonormality of {ÊA}

implies that δAB = ⟨⟨ÊA, ÊB⟩⟩G = LA
C LB

D GCD, and hence (detL)2 detG = 1. Since the material orthonormal

frame is positively oriented, we have detL = 1/
√
detG. Substituting these identities into (3.14) yields

detJF̂a
AK =

√
detg detJFK

1√
detG

= J . (3.15)

Remark 3.2. We have shown that the familiar identity J = detF is valid precisely when F is represented by
its physical components. Cartesian coordinates are the special case in which the coordinate bases are already
orthonormal, so that coordinate and physical components coincide and the identity may be read literally. A
proof of J = det F̂ for orthogonal curvilinear coordinates was given in [Pradhan and Yavari, 2024]; the above
proposition establishes the stronger result that it holds for arbitrary coordinates and arbitrary positively-oriented
orthonormal frames.

Derived strain measures. The referential measures C and B are orthonormalized by L̊ and the spatial
measures c and b by ℓ, giving the (dimensionless) physical components

ĈAB = L̊A
C L̊B

D CCD , B̂AB = (̊L−1)C
A (̊L−1)D

B BCD ,

ĉab = ℓa
c ℓb

d ccd , b̂ab = (ℓ−1)c
a (ℓ−1)d

b bcd ,
(3.16)

which in orthogonal coordinates reduce to

ĈAB =
CAB»

G̊AA G̊BB

, B̂AB =
»

G̊AA G̊BB BAB ,

ĉab =
cab√
gaa gbb

, b̂ab =
√
gaa gbb b

ab ,

(3.17)
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with no summation on repeated indices. Substituting (3.9) into the definitions C = F⋆gF, B = F−1g♯F−⋆,

c = F−⋆G̊F−1, and b = FG̊♯̊F⋆, the metrics are absorbed into the frames and one finds

ĈAB = F̂a
A F̂b

B δab , B̂AB = (F̂−1)Aa (F̂
−1)Bb δ

ab ,

ĉab = (F̂−1)Aa (F̂
−1)Bb δAB , b̂ab = F̂a

A F̂b
B δ

AB ,
(3.18)

which correspond to the classical matrix identities of Cartesian continuum mechanics, reproduced verbatim.

Stress measures. The Cauchy stress σ (3.3) is spatial and contravariant on both legs; the first Piola–
Kirchhoff stress P (3.4) is contravariant on one leg of each kind; and the second Piola–Kirchhoff stress S (3.5)

is referential and contravariant on both legs. Here
a

F = idTXB, so no ambiguity attends the reference metric

and both referential legs are orthonormalized against G̊. Their physical components read

σ̂ab = (ℓ−1)c
a (ℓ−1)d

b σcd , P̂aA = (ℓ−1)b
a (̊L−1)B

A PbB , ŜAB = (̊L−1)C
A (̊L−1)D

B SCD , (3.19)

reducing in orthogonal coordinates to

σ̂ab =
√
gaa gbb σ

ab , P̂aA =
»
gaa G̊AA PaA , ŜAB =

»
G̊AA G̊BB SAB (no summation) . (3.20)

Unlike the coordinate components, whose physical dimensions vary from entry to entry in curvilinear coordinates,
every entry of (3.20) carries the dimension of stress.

3.3 Physical components in finite anelasticity

We now specialize the physical components construction to finite anelasticity, taking M = B, N = S, and
ϕ = φ. Physical components require an orthonormal frame on each leg, and hence a metric on each tangent
space to which a leg is attached. On the spatial side this poses no difficulty, the ambient space equipped with
the canonical metric g, i.e. m = g. The reference body, by contrast, carries two: the induced Euclidean

metric G̊ = ι∗g and the material (stress-free) metric G =
a

F∗G̊. It is the BKL split F =
e

F
a

F that forces the

distinction to be drawn, interposing the material configuration (B,G) between (B, G̊) and (S,g) and thereby

distributing the two reference metrics among its factors:
e

F carries G̊ on its reference leg, F carries G, and
a

F—
being the map between the two referential pictures—one of each; see Fig. 1. Each referential leg is accordingly
orthonormalized against the metric with respect to which the tensor is reckoned, a choice dictated by the
kinematic and constitutive role of that tensor rather than by convenience. We start with general curvilinear
coordinate charts {XA} on B and {xa} on S, no orthogonality being assumed with respect to any of the three
metrics, and we proceed to examine physical components of key quantities in finite anelasticity.

The deformation gradient. For the deformation gradient and each of its two distortions, we record the
metric that its reference leg calls for and the resulting physical components. Let L̊ and L denote the reference-
leg orthonormalization maps (2.31) associated with G̊ and G, respectively, and let ℓ denote the spatial-leg
orthonormalization map associated with g.

• Elastic distortion
e

F : (TXB, G̊) → (TxS,g). The elastic distortion is attached to the Euclidean reference

configuration, consistent with the constitutive representation W = W̊(X,Θ,
e

F, Λ̊, G̊,g), in which
e

F is mea-

sured against G̊. Its physical components are taken with respect to G̊ on the reference leg and g on the
spatial leg,

ê

Fa
A = (ℓ−1)b

a
e

Fb
B L̊A

B . (3.21)

• Anelastic distortion
a

F : (TXB,G) → (TXB, G̊). The anelastic distortion connects the two referential pic-

tures, with the metric G on its domain and the metric G̊ on its codomain by the construction G =
a

F∗G̊.
Its physical components are taken with respect to G on the domain and G̊ on the codomain,

â

FA
B = (̊L−1)C

A
a

FC
D LB

D , (3.22)
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and the resulting matrix J
â

FA
BK is orthogonal.13

• Total deformation gradient F : (TXB,G) → (TxS,g). The total deformation is attached to the material
configuration, consistent with W = W(X,Θ,F,Λ,G,g), in which it is measured against the natural stress-
free reference (material) manifold (B,G). Its physical components are taken with respect to G on the
reference leg and g on the spatial leg,

F̂a
A = (ℓ−1)b

a Fb
B LA

B . (3.23)

Consistency with the action of F on vectors follows directly: writing ûa and ÛA for physical components of
u = FU and U, equations (2.23) and (3.23) give

ûa = (ℓ−1)b
a ub = (ℓ−1)b

a Fb
B UB = (ℓ−1)b

a Fb
B LA

B ÛA = F̂a
A ÛA . (3.24)

Moreover, from (2.38) physical components of each distortion are defined only up to independent orthogonal

transformations of its two frames, the spatial leg gauged by O(TxS,g) and the reference leg by O(TXB, G̊) or
O(TXB,G) as appropriate.

Remark 3.3 (Consistency with the split). When each distortion is represented with respect to the appropri-
ate frames on its two legs, their physical-component representations satisfy the same composition rule as the
distortions themselves,

F̂ =
ê

F
â

F , (3.25)

where the intermediate G̊-orthonormal frame cancels between the two distortions. Recalling that J
â

FA
BK is an

orthogonal matrix (
a

F : (TXB,G) → (TXB, G̊) being an isometry), its singular values are all unity, and the

gauge freedom found in (2.38) may recast it as
â

FA
B = δAB .

14 The invariant content of
â

F is therefore empty, and

by (3.25) the representations F̂ and
ê

F share the same singular values: in physical components, the anelastic
distortion representation acts as a simple change of orthonormal frame between the material and the Euclidean
reference configurations. This must not be read as saying that the anelastic distortion is physically meaningless;

its essence is not lost but merely relocated:
a

F determines the material metric G =
a

F∗G̊, against which the
reference leg of F is orthonormalized, and it is thus carried into F̂ by the orthonormalization map L.

Derived strain measures. The derived strain measures divide according to the configuration their legs are
attached to. The total referential measures C and B are attached to the material configuration (B,G) and

are hence orthonormalized by L, their elastic counterparts
e

C and
e

B are defined with respect to the Euclidean
reference configuration (B, G̊) and hence are orthonormalized via L̊, while the spatial measures c and b carry
g on both legs and are indifferent to the distinction. Their physical components read

ĈAB = LA
C LB

D CCD , B̂AB = (L−1)C
A (L−1)D

B BCD ,
ê

CAB = L̊A
C L̊B

D
e

CCD ,
ê

BAB = (̊L−1)C
A (̊L−1)D

B
e

BCD ,

ĉab = ℓa
c ℓb

d ccd , b̂ab = (ℓ−1)c
a (ℓ−1)d

b bcd .

(3.26)

Substituting (3.23) into the definitions C = F⋆gF, B = F−1g♯F−⋆, c = F−⋆GF−1, and b = FG♯F⋆, the
metrics are absorbed into the frames and one finds

ĈAB = F̂a
A F̂b

B δab , B̂AB = (F̂−1)Aa (F̂
−1)Bb δ

ab ,
ê

CAB =
ê

Fa
A

ê

Fb
B δab ,

ê

BAB = (
ê

F−1)Aa (
ê

F−1)Bb δ
ab ,

ĉab = (F̂−1)Aa (F̂
−1)Bb δAB , b̂ab = F̂a

A F̂b
B δ

AB .

(3.27)

13This follows directly from the isometry condition G =
a

F∗G̊: expanding ⟨⟨
a

FU,
a

FV⟩⟩G̊ = ⟨⟨U,V⟩⟩G on the G- and G̊-orthonormal

bases yields J
â

FK⊤ J
â

FK = JδABK.
14From (2.38), a change of the domain and codomain frames sends

â

FA
B 7→ (R−1)C

A
â

FC
D QB

D, with Q ∈ O(TXB,G) and

R ∈ O(TXB, G̊) represented by orthogonal matrices in the respective orthonormal frames. As J
â

FA
BK is itself orthogonal, the

choices JQK = J
â

FK−1 with R = idTXB, or JRK = J
â

FK with Q = idTXB, are both admissible and yield J
â

FK = idTXB.
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Remark 3.4 (Total and elastic measures in physical components). The spatial identities b =
e

b and c =
e
c

are preserved upon passage to physical components. Indeed, by (3.25) and the orthogonality of
â

F, F̂F̂⊤ =
ê

F
â

F
â

F⊤ ê

F⊤ =
ê

F
ê

F⊤. The total and elastic referential measures remain distinct, but their pullback relations

C =
a

F∗ e

C and B =
a

F∗ e

B take the following form in physical components:

Ĉ =
â

F⊤ ê

C
â

F , B̂ =
â

F⊤ ê

B
â

F . (3.28)

Thus, the total and elastic referential measures are related by orthogonal similarity transformations and therefore

have the same invariants. They may be made identical by the gauge choice of Remark 3.3, for which
â

FA
B = δAB .

Stress measures. The Cauchy stress σ is spatial and contravariant on both legs; the first Piola–Kirchhoff
stress P is contravariant on one leg of each kind; and the second Piola–Kirchhoff stress S is referential and
contravariant on both legs. Both Piola–Kirchhoff stresses are measured per unit stress-free volume dV , the
traction T = PN♭ being reckoned per unit stress-free area with N the G-unit normal; their referential legs
are therefore attached to the material configuration (B,G) and orthonormalized by L—and not by L̊, as in the

elastic case, where
a

F = idTXB collapses the two maps into one. Their physical components read

σ̂ab = (ℓ−1)c
a (ℓ−1)d

b σcd , P̂aA = (ℓ−1)b
a (L−1)B

A PbB , ŜAB = (L−1)C
A (L−1)D

B SCD . (3.29)

Unlike the coordinate components, whose physical dimensions vary from entry to entry in curvilinear coordinates,
every entry of (3.29) carries the dimension of stress. The Piola transforms relating the three measures are
likewise unencumbered by metric factors once all legs are referred to orthonormal frames, the referential frames
cancelling between P̂, Ŝ, and F̂,

P̂ = F̂ Ŝ , σ̂ = J−1 P̂ F̂⊤ = J−1 F̂ Ŝ F̂⊤ . (3.30)

Physical components in orthogonal coordinates. We now turn to orthogonal coordinates—the orthonor-
malization maps become diagonal and physical components follow from the coordinate ones by (2.30). Orthog-
onality, however, is defined in relation to a metric, and the reduction is available on a given leg only when the
coordinates are orthogonal with respect to the very metric against which that leg is orthonormalized. On the
spatial side this qualification is unambiguous: the ambient space carries the single metric g, and g-orthogonality
of {xa} is all that can be meant. On the referential side it is however ambiguous, as {XA} may be orthogonal

with respect to one of the two referential metrics and not necessarily the other: since G =
a

F∗G̊, the components

GAB =
a

FI
A G̊IJ

a

FJ
B need not be diagonal when G̊AB is, nor conversely. Orthogonal referential coordinates

must therefore name their metric, and no single chart {XA} can, in general, serve both. Three conditions

are thus in play—g-orthogonality of {xa}, and G̊- and G-orthogonality of {XA}—and none implies another.15

Let us consider a case of practical interest: {xa} is g-orthogonal and {XA} is G̊-orthogonal—the typical case
for a body whose embedded Euclidean geometry is adapted to the coordinates—but {XA} is not necessarily

G-orthogonal. Every leg orthonormalized against g or G̊ contributes a diagonal factor, as given by (2.30), while
every leg orthonormalized against G retains the generally non-diagonal L, as given by (2.19).

• The deformation gradient and its split reduce accordingly,

ê

Fa
A =

…
gaa

G̊AA

e

Fa
A ,

â

FA
B =

»
G̊AA

a

FA
D LB

D , F̂a
A =

√
gaa Fa

B LA
B , (3.31)

with no summation on a and A. Only the elastic distortion in (3.31) trivially reduces on both legs following the
classical formula of the orthogonal-coordinate literature, now referred to the Euclidean reference configuration.
The anelastic distortion reduces on its codomain alone and the total deformation gradient on its spatial leg
alone, their common G-orthonormalized referential leg being served by neither hypothesis.

15The spatial and referential conditions are independent, {XA} and {xa} being coordinate charts on distinct manifolds. They
collapse into one another only in special circumstances: if {XA} is the restriction under the inclusion map ι : B ↪→ S of the ambient

chart {xa}, then G̊AB and gab are the same functions of that chart and g-orthogonality of the latter is G̊-orthogonality of the
former. This does not hold for coordinates convected by the motion, for which g-orthogonality of {xa} amounts to diagonality of
C = φ∗g and is a condition on the deformation rather than on the chart alone. The two referential conditions are independent of

each other by the non-diagonality argument just given,
a

F being an arbitrary distortion.
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• The derived strain measures divide the same way. Those referred to g and G̊ reduce fully,

ĉab =
cab√
gaa gbb

, b̂ab =
√
gaa gbb b

ab , (3.32a)

ê

CAB =

e

CAB»
G̊AA G̊BB

,
ê

BAB =
»

G̊AA G̊BB

e

BAB . (3.32b)

with no summation on repeated indices, while their total referential counterparts, orthonormalized against G,
do not reduce at all and retain the general form (3.26),

ĈAB = LA
C LB

D CCD , B̂AB = (L−1)C
A (L−1)D

B BCD . (3.33)

Under the referential chart one would naturally adopt, then, it is the elastic strain measures that take the
classical orthogonal-coordinate form and the total ones that do not—the reverse of nonlinear elasticity, where
the two families coincide and both reduce.

• The stress measures divide by leg rather than by family, the Cauchy stress being spatial, the second Piola–
Kirchhoff stress referential, and the first Piola–Kirchhoff stress two-point,

σ̂ab =
√
gaa σ

ab √gbb , P̂aA =
√
gaa P

aB (L−1)B
A , ŜAB = (L−1)C

A SCD (L−1)D
B , (3.34)

with no summation on a and b. Only σ reduces fully; P reduces on its spatial leg alone and S on neither, both
being measured per unit stress-free volume and hence attached to (B,G).

Remark 3.5 (Coordinates orthogonal with respect to both reference metrics). Suppose the referential coor-

dinates are G-orthogonal in addition, i.e. GAB = ⟨⟨
a

F∂A,
a

F∂B⟩⟩G̊ = 0, for any A ̸= B, so that
a

F carries the

coordinate directions to mutually G̊-orthogonal ones. Then L is diagonal like L̊ and ℓ, and every leg of every
quantity reduces. In particular, (3.31) yields

â

FA
B =

 
G̊AA

GBB

a

FA
B (no summation) , (3.35)

which is orthogonal, as it must be: it maps the G-orthonormal coordinate frame onto the G̊-orthonormal

one. The two frames coincide exactly when
a

F is diagonal in {XA}, and then
â

F is the identity. Indeed,

GAA = (
a

FA
A)

2 G̊AA in that case (no summation on A), so that

â

FA
B = δAB , (3.36)

and F̂ =
ê

F by (3.25). The raw components hide this:
a

FA
B rescales each coordinate direction by a nontrivial

factor, which the adapted orthonormal frames absorb. Note that (3.36) differs in kind from the trivialization

of Remark 3.3. There the identity is reached by choosing a gauge, and is available for any
a

F. Here no gauge
remains to be chosen, each metric singling out its normalized coordinate basis; the chart fixes the frames, and
â

F is the identity only if
a

F is diagonal. Diagonality is thus the condition for the coordinate-adapted frames to
be trivializing ones.

Remark 3.6 (Uniqueness of the material metric). The BKL split is not determined by the material response:

if K̊ ∈ G̊X , the pair (K̊−1
a

F,
e

FK̊) leaves both F and the energy unchanged by (3.6), the relaxed configuration
being fixed only up to the material symmetry group. The material metric does not inherit this freedom. Since

G̊X ⊆ Orth(G̊), (K̊−1
a

F)∗G̊ =
a

F∗(K̊−1)∗G̊ =
a

F∗G̊ = G, and G is thus invariant: the anelastic distortion is
determined only up to material symmetry, while the material metric it induces is uniquely determined. The
structure of anelasticity therefore introduces no ambiguity of its own into the reference geometry, and the
physical component representations for F are correspondingly unaffected. This conclusion relies on the material
symmetry group being a subgroup of Orth(G̊). If the symmetry group contains non-isometric transformations,
as in the case of fluids, symmetry-related BKL splits may induce different material metrics.
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3.4 Physical components beyond anelasticity

The framework of §2 is general: it is a construction on Riemannian manifolds, and on two-point tensors over
a map between two such manifolds, that nowhere refers to the kinematics of elasticity or anelasticity. Those
settings, treated in §3.2 and §3.3, merely distinguish the configurations and their metrics. The framework may
hence extend beyond anelasticity to general inelastic processes, and in what follows we discuss viscoelasticity and
visco-anelasticity, referring the reader to [Sadik and Yavari, 2024, 2026] for the underlying geometric framework.

Viscoelasticity. Viscoelasticity is the eigenstrain-free inelastic response in which the deformation is time-

dependent. The deformation gradient may be decomposed as F =
e

F
v

F, into an instantaneous distortion
e

F and

a time-dependent viscous distortion
v

F, both generally incompatible. The local configuration reached by the

instantaneous elastic unloading
e

F−1 is stressed, in general, and the material manifold is the Euclidean manifold
(B, G̊) throughout [Sadik and Yavari, 2024]. The additive decomposition of the free energy into equilibrium and

non-equilibrium parts forces the tensorial characters
v

F(X) : TXB → TXB and
e

F(X) : TXB → TxS, and reads

W̊ = W̊eq(X,Θ,F, Λ̊, G̊,g) + W̊neq(X,Θ,
e

F, Λ̊, G̊,g) , (3.37)

where Λ̊ denotes the structural tensors of the material symmetry group. Applying the material-covariance

argument of (3.6)–(3.7) to the non-equilibrium branch with T =
v

F yields the equivalent representation

W̊neq(X,Θ,
e

F, Λ̊, G̊,g) = Wneq(X,Θ,F,
v

Λ,
v

G,g) ,
v

G =
v

F∗G̊ ,
v

Λ =
v

F∗Λ̊ . (3.38)

Both branches thus depend on the total deformation gradient, yet they measure it against different reference

metrics: G̊ in the equilibrium branch and
v

G in the non-equilibrium one. The kinematics designates neither
metric; it is the constitutive representation that assigns a metric to the reference leg of F, and the same motion
presents a different geometric picture in each branch.

Equilibrium branch. The equilibrium picture is exactly that of elasticity: only the Euclidean metric is of
relevance, the viscous distortion plays no part, and the geometric picture reduces to

(TXB, G̊)
F−−→ (TxS,g) . (3.39)

Hence, §3.2 applies without alteration. Recalling that ℓ and L̊ orthonormalize the spatial and referential
coordinate frames with respect to g and G̊, the physical components of F read

F̂a
A = (ℓ−1)b

a Fb
B L̊A

B . (3.40)

Non-equilibrium branch. The non-equilibrium picture resembles that of anelasticity without being it. For-

mally, the parallel is complete:
v

G =
v

F∗G̊, exactly as G =
a

F∗G̊—cf. Fig. 1—so that
v

F is an isometry and the
picture is the chain16

(TXB,
v

G)
v
F−−→ (TXB, G̊)

e
F−−→ (TxS,g) . (3.41)

To avoid ambiguity, we denote with “(̃.)” all physical components taken in the non-equilibrium picture, reserving

“(̂.)” for those of the equilibrium one. Accordingly, with
v

L orthonormalizing the referential coordinate frame

with respect to
v

G, as L̊ and L do with respect to G̊ and G,

F̃a
A = (ℓ−1)b

a Fb
B

v

LA
B ,

ẽ

Fa
A = (ℓ−1)b

a
e

Fb
B L̊A

B ,
ṽ

FA
B = (̊L−1)C

A
v

FC
D

v

LB
D , F̃a

A =
ẽ

Fa
B

ṽ

FB
A . (3.42)

The two representations of F differ only in the referential frame to which its reference leg is referred, and
are hence related by

F̃a
A = F̂a

B NA
B , with NA

B = (̊L−1)C
B

v

LA
C , (3.43)

where N carries the G̊-orthonormal referential frame to the
v

G-orthonormal one. Both F̂ and F̃ are dimensionally
consistent, dual-compatible, and unit-normalized, hence physical in the sense of §2, and they report on the long-
term and the instantaneous response, respectively. The choice between these interpretations is a constitutive
one and depends on the branch of the material response relative to which the components are defined.

16What distinguishes the two settings is the standing of the convected metric, not its construction: in anelasticity, G measures

natural lengths and (B,G) is the material manifold of the body, whereas here the local intermediate configuration (B,
v

G) is stressed
and does not yield natural lengths.
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Visco-anelasticity. In visco-anelasticity, eigenstrain and time-dependent relaxation are both present, and
the deformation gradient admits the decomposition

F =
e

F
v

F
a

F =
ve

F
a

F ,
ve

F =
e

F
v

F . (3.44)

Two local intermediate configurations emerge, one stress-free—reached by
a

F—and one stressed—reached by
v

F
a

F; the material manifold is (B,G), as in anelasticity [Sadik and Yavari, 2026]. The free energy again splits

additively, with the equilibrium branch depending on
ve

F and the non-equilibrium one on
e

F,

W̊ = W̊eq(X,Θ,
ve

F, Λ̊, G̊,g) + W̊neq(X,Θ,
e

F, Λ̊, G̊,g) . (3.45)

Applying material covariance to the two branches with T =
a

F and T =
v

F
a

F, respectively, yields

W̊ = Weq(X,Θ,F,Λ,G,g) +Wneq(X,Θ,F,
i

Λ,
i

G,g) ,
i

G = (
v

F
a

F)∗G̊ =
a

F∗ v

G ,
i

Λ = (
v

F
a

F)∗Λ̊ . (3.46)

Similarly to viscoelasticity, two geometric pictures emerge: the equilibrium branch measures F against the

material metric G, the non-equilibrium branch against the instantaneous metric
i

G.

Equilibrium branch. The equilibrium picture is exactly that of anelasticity, with
ve

F replacing
e

F, the geometric
picture being the chain

(TXB,G)
a
F−−→ (TXB, G̊)

ve
F−−→ (TxS,g) . (3.47)

Thus §3.3 applies without alteration, and the expressions for physical components follow as

F̂a
A = (ℓ−1)b

a Fb
B LA

B ,
v̂e

Fa
A = (ℓ−1)b

a
ve

Fb
B L̊A

B ,
â

FA
B = (̊L−1)C

A
a

FC
D LB

D , F̂a
A =

v̂e

Fa
B

â

FB
A . (3.48)

Non-equilibrium branch. The non-equilibrium branch features a similar construction with one further dis-
tortion in the chain

(TXB,
i

G)
a
F−−→ (TXB,

v

G)
v
F−−→ (TXB, G̊)

e
F−−→ (TxS,g) , (3.49)

since
a

F∗ v

G =
i

G and
v

F∗G̊ =
v

G. With
i

L orthonormalizing the referential coordinate frame with respect to
i

G,
the corresponding physical component representations are given by

F̃a
A = (ℓ−1)b

a Fb
B

i

LA
B ,

ẽ

Fa
A = (ℓ−1)b

a
e

Fb
B L̊A

B ,
ṽ

FA
B = (̊L−1)C

A
v

FC
D

v

LB
D ,

ã

FA
B = (

v

L−1)C
A

a

FC
D

i

LB
D , F̃a

A =
ẽ

Fa
B

ṽ

FB
C

ã

FC
A .

(3.50)

The two representations are related by

F̃a
A = F̂a

B NA
B , with NA

B = (L−1)C
B

i

LA
C . (3.51)

4 Example: A circular cylindrical bar with distributed eigentwists

Geometry and kinematics. Consider a solid circular cylindrical bar of radius Ro, and let the ambient
and reference spaces be endowed with cylindrical coordinates (r, θ, z) and (R,Θ, Z), respectively. The spatial

Euclidean metric g and its inherited referential copy G̊ = ι∗g have the diagonal matrix representations g =
diag

{
1, r2, 1

}
, and G̊ = diag

{
1, R2, 1

}
such that the axis of the bar in its reference state is aligned with

Z. Let the bar be endowed with an axisymmetric distribution of torsional eigenstrains of eigentwist density

ψ(R)—note that [ψ] = L−1. Cartan’s moving frames yield the associated anelastic distortion
a

F [Yavari and

Goriely, 2015], whence the material metric G =
a

F∗G̊; the two have the representations

a

F =

1 0 0
0 1 ψ(R)
0 0 1

 , G =

1 0 0
0 R2 R2ψ(R)
0 R2ψ(R) 1 +R2ψ2(R)

 . (4.1)
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In general, when ψ′(R) ̸= 0, the material metric G is not induced by a deformation of a Euclidean reference
configuration and hence represents an incompatible distribution of torsional eigenstrains.

The cylindrical coordinates (r, θ, z) and (R,Θ, Z) are orthogonal with respect to g and G̊, respectively, so
that orthonormalization on these legs is effected, as in (2.30), by the following diagonal maps

r
L̊A

B
z
= diag

ß
1,

1

R
, 1

™
,

q
ℓa

b
y
= diag

ß
1,

1

r
, 1

™
. (4.2)

With respect to G, however, (R,Θ, Z) is not orthogonal, and a G-orthonormal moving coframe field and its
dual are given by

Ω̂1 = dR , Ω̂2 = RdΘ+Rψ(R) dZ , Ω̂3 = dZ , (4.3a)

Ê1 =
∂

∂R
, Ê2 =

1

R

∂

∂Θ
, Ê3 =

∂

∂Z
− ψ(R)

∂

∂Θ
. (4.3b)

Recast as in (2.31)–(2.32), i.e. Ω̂A = (L−1)B
A dXB and ÊA = LA

B ∂B , these readî
Ω̂1 Ω̂2 Ω̂3

ó
=

[
dR dΘ dZ

] 1 0 0
0 R 0
0 Rψ(R) 1

 ,

Ê1

Ê2

Ê3

 =

1 0 0
0 1

R 0
0 −ψ(R) 1

∂R∂Θ
∂Z

 , (4.4)

with the orthonormalization transformation L given by

q
LA

B
y
=

1 0 0
0 1

R 0
0 −ψ(R) 1

 , or equivalently
q(
L−1

)
B
A
y
=

1 0 0
0 R 0
0 Rψ(R) 1

 . (4.5)

Assuming an isotropic material, one may take the following deformation ansatz r = r(R), θ = Θ+ γ(Z),
z = λ2Z with azimuthal shear γ = γ(Z) and axial stretch λ2—both dimensionless. The deformation gradient
and the elastic distortion may hence be given by the following representations

F =

r′(R) 0 0
0 1 γ′(Z)
0 0 λ2

 .
e

F =

r
′(R) 0 0

0 1 γ′(Z)− ψ(R)

0 0 λ2

 . (4.6)

Physical components. This example realizes a case of practical interest of §3.3: the referential chart is

adapted to G̊ but not to G. Accordingly,
e

F reduces on both legs by (3.31), whereas the referential leg of F

retains the non-diagonal L, and
a

F takes L on its domain and L̊ on its codomain. From (3.21)–(3.23) one obtains

F̂ =
ê

F =


r′(R) 0 0

0
r(R)

R
r(R) (γ′(Z)− ψ(R))

0 0 λ2

 ,
â

F = JδABK . (4.7)

The anelastic distortion is thus trivialized by Cartan’s construction (4.3): it delivers the G-orthonormal frame

given by the
a

F-image of G̊—precisely the gauge of Remark 3.3—and yields F̂ =
ê

F by (3.25). The two representa-

tions coincide under the chosen physical component orthonormalization while F ̸=
e

F as two-point tensors, their
referential legs being attached to different configurations. Recall that the anelastic content is not thereby lost: it

enters F̂ through L, and hence through G =
a

F∗G̊. The mismatch between the realized twist and the prescribed
eigentwist appears in the shear entry alone, while the bulk gives detJF̂a

AK = λ2 r(R) r′(R)/R = J in accordance
with Proposition 3.1. The coordinate components carry mixed physical dimensions, [Fθ

Z ] = [γ′] = L−1 while

Fr
R is dimensionless, whereas every entry of F̂ is dimensionless.

Remark 4.1 (Comparison with Aris’s construction). As discussed in Remark 2.5, Aris [1962] normalizes the
coordinate basis vectorsbut does not orthogonalize them. Here the referential chart is G-non-orthogonal, so
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that Ê(A) = ∂A/
√
GAA is of unit length but non-orthogonal. Writing S(R) =

√
GZZ(R) =

√
1 +R2ψ2(R), the

resulting components read

JF̂a
(A)K =

r
′(R) 0 0

0 r(R)/R r(R) γ′(Z)/S(R)

0 0 λ2/S(R)

 , detJF̂a
(A)K = J/S(R) , (4.8a)

J
ê

Fa
(A)K =

r
′(R) 0 0

0 r(R)/R r(R) (γ′(Z)− ψ(R))

0 0 λ2

 , detJ
ê

Fa
(A)K = J , (4.8b)

J
â

FA
(B)K =

1 0 0

0 1 Rψ(R)/S(R)

0 0 1/S(R)

 , detJ
â

FA
(B)K = 1/S(R) . (4.8c)

In this example, Aris’s normalization differs from the framework advanced in this work only on the leg measured
against G, the remaining legs being referred to the already orthogonal (and Euclidean) G̊ and g. Of the three

distortions, only
e

F carries no material leg, and Aris’s construction accordingly reproduces (4.7) for it alone—

since, otherwise, F is sitting on G and g and
a

F on G and G̊. The composition
ê

F
â

F = F̂ is nonetheless preserved,
as the factors adopted on the material leg cancel between the two distortions. The Jacobian is recovered as the

determinant of
ê

F but not as that of F̂, contrary to Proposition 3.1. Further, J
â

FA
(B)K is not orthogonal, although

a

F is an isometry from (B,G) onto (B, G̊). Finally, we observe that the twist mismatch γ′(Z)− ψ(R) no longer
features in (4.8a), the off-diagonal entry reading r(R)γ′(Z)/

√
1 +R2ψ2(R), with the applied azimuthal shear

in the numerator and the eigentwist only in the normalization factor
√

GZZ(R) =
√

1 +R2ψ2(R). Yet it is
this very mismatch that sources the residual stress in this problem.

5 Conclusions

Physical components have long been used in continuum mechanics and physics as quantities that are presumed
to correspond more directly to physical measurements than coordinate components. In orthogonal coordinate
systems, the classical construction is unambiguous: normalization of the coordinate basis yields an orthonormal
frame, and physical components are obtained by expressing tensor fields relative to this frame and its dual
coframe. In non-orthogonal coordinates, however, normalization of the individual coordinate directions does
not produce an orthonormal frame, and no analogous canonical construction exists.

In this paper, physical components are formulated using orthonormal frames on a Riemannian manifold.
Starting from an arbitrary coordinate basis, an orthonormal frame may be constructed by orthonormalization,
and physical components are defined as the components of tensor fields relative to this frame and its dual coframe.
The orthonormal frame is not unique: different choices are related by local orthogonal transformations, and the
corresponding physical components therefore possess an orthogonal gauge freedom. This framework recovers the
classical formulae in orthogonal coordinates while remaining applicable in arbitrary coordinate systems. The
construction also extends to two-point tensors, for which the domain and codomain legs must be orthonormalized
with respect to their corresponding metrics and admit independent orthogonal gauge transformations.

A general normalization framework is introduced in order to identify the precise assumptions underlying the
orthonormal-frame construction. Three requirements are distinguished: dimensional consistency of the normal-
ized components, dual compatibility of the frame and coframe, and unit normalization of both. Dimensional
consistency alone leaves independent dimensionless general linear gauge freedoms for the contravariant and
covariant indices. Dual compatibility locks these two freedoms into a single general linear gauge freedom by
requiring the normalized frame and coframe to arise as a dual pair. It was then shown that a dual-compatible
frame and coframe can both have unit length if and only if they are orthonormal. Consequently, imposing all
three requirements reduces the general linear ambiguity precisely to the local orthogonal gauge freedom of the
orthonormal-frame construction.

This characterization shows that the orthogonal gauge freedom is not an artefact of a particular orthonor-
malization procedure. Rather, it is the residual freedom left undetermined by dimensional consistency, dual
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compatibility, and unit normalization. Thus, up to a local orthogonal transformation, the orthonormal-frame
construction is the only one that yields components with the same physical dimensions as the tensor field
while preserving dual compatibility between contravariant and covariant representations. It is also the only
construction in which both the frame and its dual coframe are unit normalized. For two-point tensors, the cor-
responding freedom consists of independent orthogonal transformations of the orthonormal frames associated
with the domain and codomain metrics.

Our analysis also clarifies the status of alternative constructions proposed in the literature. In particular,
Aris [1962] defined physical components relative to individually normalized coordinate directions rather than
an orthonormal frame. In non-orthogonal coordinates, the frame and coframe generated by this construction
are related by the metric-dual rather than by natural duality. The construction therefore satisfies dimensional
consistency and unit normalization but not dual compatibility. Its dual and mirror variants exhibit the same
obstruction: each satisfies two of the three requirements, but none satisfies all three unless the coordinate
directions are orthogonal. Such constructions are generally not related to the orthonormal-frame construction by
orthogonal transformations. Hence, if physical components are understood merely as dimensionally normalized
components, their non-uniqueness is broader than orthonormal-frame freedom and carries a general linear gauge
character.

The framework developed in this paper is specialized to nonlinear elasticity and to three classes of inelastic
response: finite anelasticity, finite viscoelasticity, and finite visco-anelasticity.Physical components of the de-
formation gradient, inelastic distortions, strain measures, and stress tensors are obtained by expressing each
tensorial leg relative to an orthonormal frame associated with the metric on its corresponding space. This
distinction is particularly important in beyond elasticity, where the material, Euclidean reference, and spatial
metrics need not coincide. The example involving distributed eigentwists illustrates explicitly how the resulting
physical components differ from coordinate components and how the relevant metric enters each construction.

These results clarify earlier observations concerning the ambiguity of physical components in non-orthogonal
coordinates and place them within a broader geometric framework. Physical components are useful, dimen-
sionally consistent, and normalized representations of tensorial quantities, but they are not intrinsic objects. In
general, one should speak of a set of physical components associated with specified metrics and chosen frames,
rather than the physical components of a tensor field.
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G. Ricci and T. Levi-Civita. Méthodes de calcul différentiel absolu et leurs applications. Mathematische Annalen,
54:125–201, 1901.

S. Sadik and A. Yavari. On the origins of the idea of the multiplicative decomposition of the deformation
gradient. Mathematics and Mechanics of Solids, 22(4):771–772, 2017.

S. Sadik and A. Yavari. Nonlinear anisotropic viscoelasticity. Journal of the Mechanics and Physics of Solids,
182:105461, 2024.

S. Sadik and A. Yavari. A generalised Coleman–Noll procedure and the balance laws of hyper-anelasticity.
Proceedings of the Royal Society A, 481:20250076, 2025.

S. Sadik and A. Yavari. Nonlinear anisotropic visco-anelasticity. arXiv preprint arXiv:2606.10801, 2026.

J. L. Synge and A. Schild. Tensor Calculus. University of Toronto Press, Toronto, 1949.

C. Truesdell. The physical components of vectors and tensors. Zeitschrift für Angewandte Mathematik und
Mechanik, 33(10-11):345–356, 1953.

A. Yavari. On Eshelby’s inclusion problem in nonlinear anisotropic elasticity. Journal of Micromechanics and
Molecular Physics, 6(01):2150002, 2021.

A. Yavari and A. Goriely. The twist-fit problem: Finite torsional and shear eigenstrains in nonlinear elastic
solids. Proceedings of the Royal Society A, 471(2183):20150596, 2015. doi: 10.1098/rspa.2015.0596.

A. Yavari and F. Sozio. On the direct and reverse multiplicative decompositions of deformation gradient in
nonlinear anisotropic anelasticity. Journal of the Mechanics and Physics of Solids, 170:105101, 2023.

Q. S. Zheng. Theory of representations for tensor functions. Applied Mechanics Reviews, 47(11):545–587, 1994.

Q.-S. Zheng and A. J. M. Spencer. Tensors which characterize anisotropies. International Journal of Engineering
Science, 31(5):679–693, 1993.

26


	Introduction
	Physical components of tensors
	Physical dimensions of tensor fields
	Physical components in orthogonal coordinates
	Physical components in general coordinates
	Physical components of two-point tensors
	Normalized and physical components: A general framework
	Dimensional consistency
	Dual compatibility
	Unit length and orthonormality
	From normalized components to physical components


	Physical components in elasticity and inelasticity
	Overview of geometric elasticity and anelasticity
	Physical components in nonlinear elasticity
	Physical components in finite anelasticity
	Physical components beyond anelasticity

	Example: A circular cylindrical bar with distributed eigentwists
	Conclusions

