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Abstract

We study helical shear of a thick-walled tube made of an incompressible, isotropic hyper-anelastic solid
carrying a radially symmetric distribution of axial screw dislocations. Through the Bilby—Kréner—Lee de-
composition, the dislocations are encoded in a Weitzenbock material manifold, whose underlying Riemannian
metric alone enters the elastic response. Equilibrium reduces at each radius to an algebraic system for the
azimuthal and axial shear strains, whose cross terms are proportional to the dislocation strength and to the
dependence of the strain energy on the second invariant; in every material, the two shear modes therefore
couple only in the presence of dislocations. Exact solutions are obtained for neo-Hookean, Fung—Demiray,
Gent, Knowles, and Mooney—Rivlin materials, and numerical ones for Gent—Gent materials. The universal
relations of Horgan and Saccomandi are extended to dislocated generalized neo-Hookean tubes. Dislocations
stiffen the tube when the strain energy stiffens with the first invariant, couple the two shear modes chirally
when it depends on the second, and, in some cases, restrict admissibility: in Gent and Gent—Gent materials
they cap the dislocation strength, and in Knowles materials they contract the admissible traction region
when the power-law index is below the critical exponent n = 1/2. A weakly nonlinear analysis, to third
order in the applied tractions and dislocation strength, shows that, at first order, i.e. within the linear theory
of elasticity, the dislocations leave the shear response unaffected while carrying a residual stress. The chiral
coupling enters only at second order, through the dependence of the strain energy on the second invariant,
so that, in the presence of axial screw dislocations, every material couples the modes as the Mooney—Rivlin
solid with the same second- and third-order elastic moduli. At third order, no further coupling arises, but the
modes interact through stiffness corrections involving the fourth-order elastic modulus, with the dislocations
further correcting each mode independently of the other.
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1 Introduction

The explosion of modern nonlinear continuum mechanics took place in the post—World War II period, mainly
thanks to the celebrated works of Ronald Rivlin in the mathematical theory of hyperelasticity [Destrade et al.,
2019]. The remarkable results obtained by Rivlin and his collaborators clearly and convincingly demonstrated
that the time was ripe for bold developments in nonlinear theories. Among the elastic results of that particularly
prolific period, two stand out for their generality and mechanical significance: universal solutions and universal
relations. Specifically we define:

e Universal solution. A deformation or motion is said to be universal if it satisfies the equilibrium equations
with zero body force for all materials in a given class, and if it is sustained in equilibrium solely by
appropriate surface tractions.

e Universal relation. For a given deformation or motion, a local universal relation is an equation relating
the stress components to the position vector, valid at any point of the body and identical for any material
belonging to the considered class.

The importance of these universal results was clearly emphasized by Beatty [1987]:

“Universal deformations and universal results of various kinds are road signs posted to direct and
to warn the experimenter in his exploration of the constitutive properties of real materials. If these
signs are ignored, he can only wander aimlessly along an otherwise uncharted labyrinth in the vast
realm of materials science. If they are thoughtfully evaluated, he will discover the rich rewards locked
in the smaller domain of the science of highly elastic materials.”

The first universal solutions were discovered, by trial, by Rivlin himself; however, the first systematic character-
ization of these results can be found in [Ericksen, 1954] for incompressible, uniform, isotropic elastic materials
and in [Ericksen, 1955] for unconstrained, uniform, isotropic elastic materials. The latter case turned out to be
much less complicated than its incompressible counterpart: the only universal deformations admitted by this
class of materials are homogeneous deformations. On the other hand, for incompressible materials Ericksen’s
results were not conclusive, and two possibilities were left open. One of these possibilities turned out to be
void, as shown by Marris and Shiau [1970]; the other case, namely when the principal stretches are constant
but the local rotation does not reduce to the identity, has had a more intricate and intriguing history. A
counter-example effectively reopened the problem and quickly led to the discovery of a new family of universal
deformations independently by Singh and Pipkin [1965] and Klingbeil and Shield [1966].

A comprehensive review of universal solutions, updated up to the year 2000 and also addressing universal
relations, can be found in [Saccomandi, 2001a,b].

Universal deformations have since been extended to anelasticity. Yavari and Goriely [2016] showed that,
in homogeneous compressible isotropic anelastic solids, the universal deformations are precisely the covariantly
homogeneous ones, and Goodbrake et al. [2020] extended the analysis to the incompressible case, recovering the
anelastic counterparts of Ericksen’s families and of the Klingbeil-Pipkin—Shield—Singh solutions. These results
have reopened the universal program of nonlinear elasticity [Yavari and Goriely, 2023].



In 1980 at the IUTAM symposium on Finite Elasticity held at the Lehigh University, Currie and Hayes
presented a short note. The incipit in [Currie and Hayes, 1981] is quite interesting

”Ericksen’s theorem [1] has had a profound influence on the development of the theory of finite defor-
mations of compressible elastic materials. ...Being proved early in the modern period of resurgence
of finite elasticity, Ericksen’s theorem shaped the subsequent development of the theory. The result
has been that until recently little emphasis has been placed on non-homogeneous deformations. The
corresponding theorem proved by Ericksen [2] for incompressible materials has had a similar effect
on the theory for those materials; most deformations considered belong to the small class of universal
deformations.”

In fact, Ericksen’s important results “froze” research for years on other types of solutions which, while not
universal, still had good reasons to be investigated. It should be noted, however, that some work had already
been carried out in the immediate postwar period—for instance [Adkins, 1954]—but this line of research was
almost entirely abandoned until it was revitalized by Currie and Hayes.

To clarify this point, it is useful to revisit the terminology introduced for universal solutions, with the aim
of providing a rigorous classification of the different types of admissible solutions. Towards this end we using
the following definitions:

e A controllable solution is a deformation which satisfies the equilibrium equations of a field theory with
zero body force, that is the deformation is controlled by means of the application of surfaces traction
alone.

e A general solution is a controllable solution which is admissible for any constitutive equation in a given
class of materials.

e A controllable solution that is the same for all materials in a given class is an universal solution. Therefore,
a universal solution is a general solution with the same kinematics for all materials in the given class.

e A partial solution is a controllable solution with a constitutive dependent geometry (or kinematics) that
is possible only for a subset of the given class of materials.

Beatty very effectively explained the centrality of universal solutions, especially in a rational experimental
campaign designed to determine the approximate form of the strain-energy function that describes the consti-
tutive behavior of a given material. Indeed, knowing the deformation kinematics a priori allows one to focus
solely on determining the stresses or, more precisely, on determining the derivatives of the elastic potential.

It would be complicated in this context not to know the geometry of the deformation, as one would have
to deform the material according to modes that depend on the chosen strain-energy function and thus on the
mechanical quantities that need to be measured.

By applying this known universal deformation in a controlled experiment, the researcher can focus entirely
on measuring the forces (or pressures) required to sustain it. These forces are directly related to the Cauchy
stresses.

On the other hand, for appreciating the difference in behavior between constitutive behaviours, generalized
solutions are optimal. That is, identifying specific boundary-value problems that can find an ideal solution for a
certain class of deformations which, in this specific case, also differ in their geometry from material to material.

Using generalized solutions (known boundary conditions) for complex problems to test how well a calibrated
constitutive model can predict real-world behavior and differentiate itself from other materials. This is a
comparative and validating process which can teach us a lot, both on a mechanical level and also regarding the
mathematics of the problem.

The search for non-universal solutions flourished following [Currie and Hayes, 1981], also because by the
1990s the computing power at our disposal had become such that even numerical approaches became easily
feasible. Unfortunately, even the class of general solutions is not particularly large. In this restricted field,
a class of general solutions is possible in the case of incompressible materials for circular cylindrical sectors.
These solutions are deformations of axial and azimuthal shear or their combination, which is referred to as
helical shear.



The main purpose of this work is to address the problem of helical shear and its particular cases in an
anelastic context. To the best of our knowledge, this is the first time a problem of this kind has been addressed
in the literature.

As has already been mentioned, in [Adkins, 1954] within the context of incompressible isotropic nonlinear
elastic theory, the problem of axial and azimuthal shear was addressed for the first time. The problem of helical
shear, on the other hand, is studied in [Ogden et al., 1973]. Interesting additions to the results of such paper
in the case of generalized neo-Hookean material has been obtained in [Horgan and Saccomandi, 2003] and the
case of non convex strain elastic energy density has been considered in [Fosdick and MacSithigh, 1983].

This work constitutes, to the best of our knowledge, the first systematic investigation of the solutions asso-
ciated with a simple but mechanically significant class of deformations in nonlinear anelasticity. By extending
the helical shear problem to solids with distributed defects, it opens a new chapter in nonlinear elasticity, in
which the kinematics of the deformation remains simple enough to be analysed in closed form, yet rich enough
to reveal the interplay between eigenstrains, constitutive nonlinearity, and applied tractions.

The remainder of this paper is organized as follows. In §2 we recall the geometric and kinematic foundations
of nonlinear anelasticity, introducing the Bilby—Kroner—Lee multiplicative decomposition of the deformation
gradient, the material metric induced by the eigenstrains, the governing equations, and the constitutive as-
sumptions for incompressible isotropic hyper-anelastic solids; we also review the strain-energy models adopted
in the sequel. In §3 we formulate the helical shear problem for a thick-walled circular tube containing a dis-
tributed field of axial screw dislocations: we describe the geometry of the dislocated tube, derive the kinematics
of the deformation, compute the stress components, and obtain the reduced equilibrium equations in both di-
mensional and dimensionless form. In §4 we solve the equilibrium problem in closed form for neo-Hookean,
generalized neo-Hookean (Fung-Demiray, Gent, and Knowles), and Mooney—Rivlin materials, and numerically
for Gent—Gent materials, discussing existence, uniqueness, admissibility conditions, and the mechanical role
of the dislocation field in each case. In §5 we develop a weakly nonlinear theory of the fourth order via a
perturbation expansion in the dislocation strength and the applied tractions, identifying the order at which,
and the elastic moduli through which, the dislocation field couples the two shear modes, and we verify the
expansion against the numerical Gent—Gent solutions. Finally, in §6 we summarize our findings and outline
possible directions for future research.

2 Nonlinear Anelasticity

2.1 Kinematics

Body, Motion, and Euclidean geometry. Consider a deformable elastic body, and identify it with a 3-
dimensional submanifold B of the Euclidean ambient space S = R3. A motion of the body in the time interval
[0,T) is defined as a mapping ¢ : B x [0,T) — S, such that, for any t € (0,7T), the mapping ¢:(.) = ¢(-,t)
is one-to-one and assigns to each material point X € B the spatial position x = ¢;(X) € S that it occupies
at time t. We refer to By = ¢¢(B) C S as the deformed body at time ¢. We adopt the conventional notation
such that quantities relating to the reference state are denoted with uppercase letters (e.g., X € B), and those
relating to the spatial (deformed) state with lowercase letters (e.g., z € B;). Local coordinate charts are denoted
{X4} and {2%} on B and S, respectively. Coordinate bases are denoted by 94 = 8XA and 9, = 52, with dual
bases {dX“} and {dz®}. We employ Einstein’s index summation notation throughout e.g., u'v; =Y, ulv;.
The ambient space S is endowed with the Euclidean metric g = gqp dz® ® da’. In a standard Cartesian
coordinate, the metric g is represented in components by the standard Kronecker delta symbol g, = 4. For

spatial vector fields u,w € x(S),! the g-inner product is denoted (u, W>>g = uw’g,y,. For a spatial covector

field w € x*(S),? we write the natural pairing as (w,u) = w,u®. The corresponding volume form on S is

= /detgdz' A dz? A dr®. We denote by V the Levi-Civita connection of (S,g), with local Christoffel
symbols 7%,

Recalling that B is a submanifold of S, the spatial Euclidean metric g induces a Euclidean reference metric,
denoted G = GapdX* @ dXB ,on B. It may be thought of as the restriction of g to B or, equivalently, as
the pullback by the inclusion map ¢ : B — S, i.e. G =1 g. We define the G-inner product and dual pairing

1x(8S) is the set of spatial vector fields, i.e. vector fields over the spatial manifold S.
2x*(S) is the set of spatial covector fields, i.e. 1-forms over the spatial manifold S.



on B analogously to S, and denote the corresponding volume form by dV = Vdet GdX! A dX 20/\ dX?3. The
Levi-Civita connection of (B, G) is written V, with Christoffel symbols I'4 pc. Note that, while G reflects the
inherited Euclidean geometry, it does not generally represent the intrinsic geometry of the material, which may
differ due to (anelastic) eigenstrains.

Deformation Gradient. To describe the local strain in a deforming solid, we define the deformation gradient
given by the tangent map of the deformation, i.e. F(X,t) = T'py(X) : TxB — Ty, (x)pt(B). It is a two-point
tensor that maps tangent vectors from the reference configuration B to the current configuration p;(B). In local
coordinates, it has the following representation

)
F(X) = 6§Aa ®dX4. (2.1)

BKL Decomposition and Material Configuration. To model anelastic effects, particularly the presence
of defects, we adopt the Bilby—Kroner-Lee (BKL) multiplicative decomposition of the deformation gradient
[Bilby et al., 1957; Kroner, 1959; Lee and Liu, 1967; Lee, 1969; Sadik and Yavari, 2017b]:

F = FF. (2.2)

In this decomposition, F:T 'xB — TxB captures the local anelastic distortions due to defect-induced eigen-
strains, while F TxB — T,S accounts for the reversible elastic distortions—both contributions are generally
incompatible, i.e. unlike the deformation gradient, they may not be written as a tangent of a smooth map. The
resulting locally stress-free state achieved by F is also, in general, incompatible and distinct from the initial
undeformed state. This abstract manifold, known as the material manifold, is where the natural, stress-free
distances are realized, and its geometry is encoded by the material metric G, given as the pull-back of the
reference metric G by Fa‘, ie. G =F*G [Yavari, 2021], which in components reads Gap = ﬁIAéjJﬁ‘]B. The
material metric provides a unified geometric description of eigenstrains of various origins [Sadik and Yavari,
2025], including thermal strains [Sadik and Yavari, 2017a], growth [Sadik et al., 2016] and viscous strains [Sadik
and Yavari, 2024, 2026b]; here it encodes a distribution of screw dislocations [Yavari and Goriely, 2012; Ozakin
and Yavari, 2014]. We define the G-inner product in Tx B analogously to the G-inner product, and denote the
corresponding material volume form by dV = v/det G dX! A dX? A dX?3. The Levi-Civita connection of (B, G)
is written V, with Christoffel symbols T'4 5. We define the Jacobian J of the motion as the quantity relating
the material (stress-free) and spatial volume elements by ¢*dv = JdV. It can be shown that [Sadik and Yavari,

20264
detg det g
=14/ detF = 4 / det F. 2.
det G (2:3)

Musical Isomorphisms and Index Operations. On a Riemannian manifold (M, m), the metric induces
a canonical bundle isomorphism b : x(M) — x*(M), called the flat operator, defined by v’ = m(v,-). In
components, thls lowers an index as v; = v'm;;. Its inverse § : x (./\/l) — x(M), called the sharp operator,
defined by w* = m~!(w,.), raises an index via w/ = w;m~", where m~% denotes the components of m~'. These
operations extend naturally to tensors of arbitrary type (:fl) the flat operator b contracts the contravariant
indices with m, while # contracts the covariant indices with m~!. In particular, applying # to the metric itself
yields its inverse: m! = m~'mm~' = m™'. )

In the reference conﬁgurationcB, we have defined two metrics, G and G, giving rise to two pairs of musical
isomorphisms, which we denote b, ﬁ and b, §, respectively. In the spatial configuration S, only the Euclidean
metric g is defined, so there is a unique pair of musical isomorphisms; we denote these simply by b and £, as no
ambiguity arises.

Adjoint. The adjoint of the deformation gradient is the unique linear map F* satisfying (u, FU) = (F*u, U),
VU € TxB, Vu € T} «\S. It reads in components as (F*)4, = F%4, and hence F*(X) = F?4(X)dX* ® 9,.>

g

3Note that while the adjoint is denoted by “x”, the pull-back and push-forward operations are denoted by and must not be
conflated with it, though they are related: for example pulling back the spatial metric reads F*g = F*gF, and pushing forward
the material metric reads F. G = FGIF*.



Transpose. Defining the transpose of F requires a metric, and thus depends on whether G or G is used in
the reference configuration. The transpose with respect to G and g is defined by the relation:

(FU,u), = (U.Flu)g, VUETKB, Vue T} xS, (2.4)

leading to FT = éBF*g, or in components (Ff)Aa = éABFngba. Similarly, using G instead of (o}, we define
FT by:
(FU,u), = (U,FTu)g, YUEeTxB, VueT)yS, (2.5)

and find FT = G#F*g, or is components (FT)4, = GABF zgy,.
Derived Strain Measures. Using the geometric tools defined above, we introduce the following measures of
strain with respect to the total deformation
e Piola deformation tensor: B = p*gf = F~1gfF~*, in components, BAZ = (F~1)4,g%®(F~1)B,.
e Right Cauchy Green tensor: C = ¢*g = F*gF, in components, C4p = F®4g,,F’5.
e Left Cauchy-Green (Finger) tensor: b = ¢, G = FG!*F* in components, b® = F? ,GABF 5.
e Inverse Finger tensor: ¢ = ¢,G = F"*GF~!, in components, c,;, = (F_l)AaGAB(F_l)Bb.
Similarly, we define their elastic distortion counterparts:

e Elastic Piola deformation tensor: B = ﬁ‘*g_l = f‘_lg_lf_*, in components, B4B = (ﬁ‘_l)Aagab(ﬁ‘_l)Bb.

Elastic right Cauchy—Green tensor: C= f‘*g = f‘*gf‘, in components, éAB = lg‘aAgablg‘bB.

Elastic left Cauchy—Green (Finger) tensor: b= ﬁ‘*é_l = ﬁé_lf‘*7 in components, hab = Pe‘“A(O}ABIE‘bB.

Elastic inverse Finger tensor: ¢ = F,G = F*GF~!, in components, &4, = (F~1)4,CG4p5(F1)5,.

Remark 2.1. Note that since G = ﬁ‘*G, it follows that B = F*B and C = Fa‘*(ej, while b = b and ¢ = &.

2.2 Governing Equations

Balance of mass. Let p,, = pn(X,t) be the material mass density, i.e. the mass density measured with
respect to the material volume element dV = v/det G dX! A dX? A dX?. Material balance of mass is given by

a a

pm 4+ pm FF 1 =0. (2.6)

Let ps = pm(w; H(x),t)J =" be the spatial mass density, i.e. the mass density per unit spatial volume. Then,
the spatial form of the equation of balance of mass reads

Ps + psdivv =0. (2.7)

Constitutive assumptions. We consider a hyper-anelastic constitutive model, i.e. we assume that there
exists a strain energy density (per unit stress-free material volume) functional W = W(X, F, G, g o ). Objec-

tivity implies that the elastic energy may be written as the functional W = W(X, (Ej, G) The Cauchy stress
tensor may be expressed in the following equivalent representation forms

1 G 9 . 3
. ﬁ81/\/1:‘*:7}?01/\/

g ——= <
J 7 9F J  aC

Fr. (2.8)

Conservation of momenta. In the absence of inertial and body forces, the balance of linear momentum, in
terms of the Cauchy stress tensor, reads
dive =0, (2.9)

and the balance of angular momentum
o' =o. (2.10)



Material symmetry. The material symmetry group G x of a hyper-anelastic body—whose constitutive behav-
ior is described by a free energy functional—at a point X € B, relative to the Euclidean reference configuration
(B, G), is defined as the collection of K € Orth(G) = {Q : TxB — TxB | Q*GQ = G} that leave W invariant
under the following transformation:

e

WX, K'F,K*G,g) = WX, F,G,g), (2.11)

for every choice of elastic distortion tensor F. To account for the material symmetries encoded by G X, one may
introduce a set of structural tensors A that generate the space of tensors invariant under the group action.*
When these tensors are incorporated into the free energy as independent arguments, the constitutive law becomes
materially covariant [Lu, 2012]. Specifically, for any linear isomorphism T : Tx B — T'x B, material covariance
requires:

WX, F, A, G, g) = WX, T'F, T'A, T"G, g). (2.12)

Choosing T = F and using the identities F*F = FF = F and G = F*G = 1%‘*(0}1%, we obtain the following
equivalent representation of the free energy [Yavari and Goriely, 2016]:

W =W(X,F,A,G,g), (2.13)

where A := F*A represents the structural tensors expressed in the configuration (B, G). Equation (2.13) thus
illustrates how the material metric G = F*G arises naturally from the underlying hyper-anelastic framework.
Objectivity further implies that the energy functional may be again alternatively written as W = W(X, C, A, G).
In terms of the representations W and W, the Cauchy stress may be recast as

1 40w o 2 _0W

Isotropic representation formula. For an isotropic material, the elastic energy depends only on the prin-
cipal invariants of C, namely W = W(X, I, I5, I3), where

detC

L =trgC=C4GB4 I,= = =
1 r'a AB ) 2 detG

(I —tra C?) = - (I = G*P Cpc G“PCpa) , I3 J?. (2.15)

N
N

Denoting W; = OW/0I,, for i € {1,2,3}, the Cauchy stress in an isotropic anelastic solid may be written as
2 — _ _
o =5 Wb~ Wi J2ch + (Wals + W3J?) g] . (2.16)

If we further assume an incompressible material, i.e. Iz = J? = 1, it follows that the Cauchy stress may be
written as

o=—pg'+2 (Wib — Wgcﬁ] , (2.17)

where p is the Lagrange multiplier associated with the incompressibility constraint J = 1.

2.3 Mathematical models for the strain-energy function

In what follows, we assume an incompressible isotropic homogeneous hyper-anelastic solid, i.e. the strain energy
density may be written as o
W=W(I,1I). (2.18)

Since the strain energy is defined up to an additive constant, it is customary to normalise it so that it vanishes
in the stress-free material state, i.e. when C = G, for which I} = I, = 3, whence

W(3,3) =0. (2.19)

4A finite set of structural tensors ;\1‘7 i=1,..., N, can characterize the subgroup QX C Orth(é); see, e.g., [Liu, 1982; Boehler,
1987; Zheng and Spencer, 1993; Zheng, 1994; Lu and Papadopoulos, 2000; Mazzucato and Rachele, 2006].



Note that in the presence of eigenstrains this state is not the Euclidean reference configuration (B, G) but the
material reference configuration (B, G): in the Euclidean configuration C = é, the invariants exceed 3, and the
body stores residual eigenstrain energy in the absence of any applied load. Requiring W to be compatible with
the linearized theory of elasticity (which is valid at infinitesimal deformations), it is necessary that [Saccomandi

et al., 2022]

Wi (3,3) + Wa(3,3) = % (2.20)

where 1 is the infinitesimal shear modulus. Requiring the strain energy function W to be compatible with the
weakly nonlinear theory of the fourth order (which is valid for small but not necessarily infinitesimal deforma-
tions), it is necessary for (2.20) and the following two identities to hold [Hamilton et al., 2004; Saccomandi
et al., 2022]

Wi(3,3) +2Ws(3,3) = —?, (2.21a)
— — — — — D
W1(3, 3) + 3W2(3, 3) + W11(3, 3) + 2W12(3, 3) + W22(3, 3) = 5 R (221b)

with A and D being the Landau elastic moduli of the third and fourth order, respectively.

For large deformations, the search for the most appropriate functional form of the strain energy which
predicts reasonable material behaviour opened a debate that is still open. For this reason, there are a plethora
of mathematical models for the strain energy function of isotropic elastic solids. A choice of a suitable functional
form of YW may be achieved by testing theoretical predictions against experimental data.

Subject to the analyticity of the strain-energy in a neighbourhood of the reference configuration, one can
write W as a power series of I} — 3 and I — 3, that is,

+oo
W = % > CpglIy = 3)P (I - 3)", (2.22)

p,q=0

where the coefficients Cp, do not depend on the deformation and, in view of the requirement (2.19), Cyo = 0.
While (2.22) is an infinite series, truncating it at a sufficiently high order approximates the strain energy of a
given material as closely as desired. The two simplest such truncations are those most widely adopted in the
development of the non-linear theory of elasticity and its early applications. Retaining only the first order term
in I; yields the neo-Hookean strain-energy function

wh = %(Il —3), u>0, (2.23)
with C19 = p for consistency with the linear theory, while retaining both first-order terms yields the Mooney—
Rivlin model MR g

W = Llath -3)+ 1 - ) - 3)} . u>0 and acl0,1], (2.24)
where, in view of (2.20) and (2.21a), one finds C1p = pa = 2u + A/4 and Cp; = (1l — ) = —p — A/4, with
the dimensionless parameter @ = 2 + A/(4p) set by the infinitesimal shear modulus g and the Landau elastic
modulus of the third order A. Further, the empirical inequalities WW; > 0 and Wy > 0 [Truesdell and Noll,
2004] require C1g > 0 and Cp; > 0, whence a €]0, 1].

Applications of non-linear elasticity to soft tissues make extensive use of the so-called generalized neo-
Hookean models, for which the strain energy depends on the first invariant alone, i.e. W = Wgn w(l1), and is
increasing on a right neighbourhood of I; = 3 (isochoric deformations necessarily satisfy I; > 3 and I > 3, so a
right neighbourhood suffices). Their appeal is twofold: they are mathematically tractable, and they reproduce
the J-shaped curves typical of uniaxial tension tests on biological tissues [Horgan and Saccomandi, 2006]. Since
Ws = 0 for these models, (2.20) reduces to

denH
dI ®)=3

(2.25)

We consider three notable examples of generalized neo-Hookean models:



e the Fung—Demiray model [Fung, 1967; Demiray, 1972]:

W= 2% {exple(I —3)] — 1}, (2.26)

where the positive (dimensionless) constant ¢ accounts for the effects due to the stiffening of the material;

e the Gent model [Gent, 1996]:

—Giiﬁ 7[1*3
W= 2Jm1n<1 . ) (2.27)

m

where the positive (dimensionless) modulus J,,, provides a measure of the limited extensibility of the chain
elastomers as only deformations for which

3< <3+ Jp (2.28)

can be sustained by these materials;

e the Knowles model [Knowles, 1977]:

WKzé‘b{[1+z(Il—3)r—1}, (2.29)

where the stiffening rate b and the power-law index n are positive dimensionless constants.

The Fung—Demiray, Gent, and Knowles models all converge to the neo-Hookean strain energy (2.23) as ¢ — 0,
Jm — o0 and b — 0, respectively. Moreover, the convergence is uniform for I; in any compact subset of
[3,4+00[. The Knowles model (2.29) further reduces to the neo-Hookean model exactly at n = 1, and tends to
the Fung-Demiray model (2.26) with ¢ = b as n — oo, again uniformly for I; in any compact subset of [3, +o0].

We conclude this short list of mathematical models for the strain energy density with the extension proposed
by Pucci and Saccomandi [2002] to resolve the limitations of the Gent model (2.27) at small-to-moderate
deformations. Colloquially known in the continuum mechanics community as the Gent—Gent model, it adds a
logarithmic term dependent on the second principal invariant I and reads

—GG_ 01 11—3 3 IQ
w ——2Jmln<1— T >+2021n<3>, (2.30)

where Wy (3,3) = C1/2, Wy (3,3) = Ca/2, Wiy (3,3) = C1/(2J ), Wiy (3,3) = 0 and Way (3,3) = —Ca /6,
so that (2.20) and (2.21) place the three constitutive parameters in one-to-one correspondence with the Landau
moduli,

A A
01:2,u+—, CQZ—/J,—f

1 8
1 1 D=C (1+>+302. (2.31)

Im
In particular, C; and C5 coincide with the Mooney—Rivlin coefficients C1g and Cpyy, so that C7 = pa and
Cy = p(1 —a) with a =2+ A/(4p) as in (2.24), and the empirical inequalities again require o €10, 1].

3 Shearing of a thick tube with distributed axial screw dislocations

Henceforth, we will be interested in the shearing deformation of a hollow cylinder B, with inner radius A and
outer radius B, made of an incompressible hyper-anelastic material with a continuous distribution of axial screw
dislocations. We assume that, in the absence of eigenstrains, the material is homogeneous and isotropic. The
inner surface of the tube is attached to a rigid solid cylinder and the outer surface is subjected to uniformly
distributed helical shear traction 7.



3.1 Geometry of the dislocated tube

We equip the reference and spatial manifolds B and S with cylindrical coordinates {R,©,Z} and {r,0, z},
respectively, where the Euclidean reference and spatial metrics have the following representations

D 1 0 0 1 0 0
[G]:[L*g] 0 R® 0|, and [g]=|0 r2(R) 0] . (3.1)
0 0 1 0o 0 1

For a nonlinear solid with distributed dislocations, the material manifold is known to be a Weitzenbock
manifold, i.e. a manifold with torsion, a flat connection and vanishing non-metricity [Yavari and Goriely, 2012;
Ozakin and Yavari, 2014]. It is shown in [Yavari and Goriely, 2012], by virtue of Cartan’s moving frames,
that the plastic distortion F associated with the dislocation distribution given by a radially-symmetric Burgers
vector density b(R) may be written as

1 0 0
[1”«*]: 0o 1 o0, (3.2)
0 f(R) 1

where f(R) is such that f'(R) = Rb(R)/(2m), the prime denoting differentiation with respect to R. Since the
bonded rigid core carries no net dislocation content within, f(A) = 0, so that

1 R
£ =5 [ eneae. (33)
T JA
Recalling that G = F*G = Fa‘*éf‘, it follows that the material metric has the following representation
1 0 0
[G]= |0 R*+ f3(R) f(R)| . (3.4)
0 f(R) 1

3.2 Kinematics

We seek equilibrium configurations of B within the class of helical shear deformations, combining azimuthal and
axial shear, i.e. a deformation ansatz of the form

r=r(R),
0 =0+¢(R), (3.5)
z=7Z+w(R),

where, since the inner boundary is fixed, the fields r, 1) and w must satisfy the boundary conditions

5Note that, following [Truesdell, 1953; Sadik and Yavari, 2026a], the physical components of the deformation gradient F are

given in local coordinates by Foy = F%44/8aa/Gaa (with no summation on any of the indices). In physical components, we then
have

r'(R) 0 0
[F] = |rrw' @ r®)/(R1+2(R) o - (3.7)
w'(R) 0 1

10



Due to the incompressibility of the material, from (3.1), (3.4) and (3.8), we have the following restriction

%MR) =1, (3.9)

which by integration, and taking into account the first boundary condition in (3.6), yields

J:

r(R)=R. (3.10)
The right Cauchy—Green deformation tensor reads
L+w™(R) + RY*(R) R*/(R) w'(R)
[C] = R?Y'(R) R? 0 , (3.11)
w'(R) 0 1

and its first two principal invariants calculated with respect to the material metric (3.4) read

L =3+ f2+r2+k3, 12=3+]?2+(fsz+f~/£9>2+n§, (3.12)
where, for brevity, we have introduced the azimuthal and axial strains
ko(R) = RY/(R), k.(R) =w'(R), (3.13)
and set f(R) = f(R)/R.

3.3 Stress components and reduced equilibrium equations

For a homogeneous incompressible isotropic material with the stored elastic energy density of the form (2.18),
we denote

Qilko, k=i /) =Wi(l, L), i=1,2, (3.14)
recalling I1 and I as given by (3.12). Following (2.17), the Cauchy stress tensor has components
N )
o = —p+20; — 20, {1 n (nz n fl*ig) n mg] , (3.15a)
1 -
. [prQl (1 + K2) —2Q2(1+f2)} , (3.15b)
0% = —p+20, <1+f2+/$§> —20,, (3.15¢)
1 - -
0"l =~ {2@1/@9 20, [f/fz F(1+ fQ)/-;gH , (3.15d)
0" = 201k, + 2Qs (nz + fng) : (3.15¢)
1 ~
0¥ = - [QQWZH@ —2(Q1+Q2) f} . (3.15f)

Note that in terms of curvilinear coordinates, the components of the Cauchy stress tensor do not necessarily
have the corresponding physical dimensions due to the fact that the radial and axial cylindrical coordinates
have the same physical dimension, whereas the azimuthal coordinate is dimensionless. Following [Truesdell,
1953; Sadik and Yavari, 2026a], the physical components of the Cauchy stress tensor read in local coordinates
6% = g% /g..gm (Without summation over any of the indices), from which the physical components of o are
related to those in (3.15) by the connections

&= o_rr, 6’90 _ T‘20'99, 57% = U‘ZZ,

(3.16)

6_7"0 _ TO_TG , 5’0Z _ TO'GZ , 5% = g%,

Since a purely tangential stress acts on the outer boundary of B, we impose the traction boundary conditions
onr(B)=RB
§""(B)=0, 6"(B)=15, 67(B)=r1., (3.17)
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where (79, 7,) are the components of the helical shear boundary traction 7 with respect to the spatial orthonormal
frame {eg = y/\/809,€. = 0.}, i.e. T = 19eg + T.e,. Using the comma notation for differentiation, the
equilibrium equations read

1

S G ") =0, (3.18a)
2

—po+6% .+ ;5% =0, (3.18b)
1

—p.+ 67+ ;&ZT =0. (3.18¢)

Recalling (3.10), it can be seen from (3.17) and (3.18) that the Lagrange multiplier depends only on the radial
coordinate R, viz. p = p(R). Next, using (3.10), (3.15) and (3.16), and introducing the auxiliary function

B 20 (ke(R), k.(R); f(R))

I,(R) = 7 kg(R)
20,(so(). - (R): F(R) : (319
K iz ; 3 3
+ 2%l P = (0 + FR(R) - ()]
the equilibrium equations (3.18) simplifies to
6" R+ T, =0, (3.20a)
(R%6"") =0, (3.20b)
(R6°") =0, (3.20¢)
whose integration combined with the boundary conditions (3.17) yields
B
o (R = [ Z.(0)de. (3.21a)
R
o B’
57 (R) = B];Z . (3.21c)

Finally, from (3.15a), (3.15d), (3.15¢), and (3.21), we deduce a system of two nonlinear algebraic equations
in the shear strains

- . B2
[Ql + Qs (1 + f2)} ko + Qof k- :ﬁff , (3.22a)
Qof kg +(Q1+ Q2) k. = g;z , (3.22Db)

which, once solved, allows for the determination of the Lagrange multiplier associated with the constraint of
incompressibility through the formula

L\2 B
p=201-20 |1+ (i + fro) 43| - [ To(e)de. (323)
R

For the subsequent analysis, it is convenient to non-dimensionalise the problem by introducing the following
dimensionless quantities

A _ skl

00 ==, 9556[90,1], WEH, Eklzg—,fork,le{rﬁ,z},
. B ) p (3.24)
ﬁz%, @E%, bzbmax, ?az%,forae{ﬁ,z},



where by .x = Rn%iXB] b(R). It follows that the azimuthal and axial strains recast, respectively, as
€A,

ro(R) = ro(Bo) = o' (0) = Rg(0) and k(R) = k.(Bo) = @'(0) = R=(0), (3.25)

with the prime now denoting differentiation with respect to the dimensionless spatial variable o. On the other
hand, setting 8 = Bbmax/(47), the dislocations’ density function f rescales as

(R = f(Bo) = % / " 5b(2)da = BF (o), (3.26)

where the auxiliary function F satisfies the inequalities
0<F(o)<o—03/o<1-02<1 Vo€ o1 (3.27)
In dimensionless form, the invariants (3.12) recast as
~ ~ ~ ~ ~ 2 ~ ~
I =3+BF?+R2+R2=1(Rg,R:; F), I, =3+pB*F*+ (ﬁFﬁe + 2) + 72 = Ih(Rg,Ro; F),  (3.28)

and the dimensionless version of the reduced equilibrium equations (3.22) is given by the following system

[@1 + Qs (1 + 52132)} Ry + PO FR, = %7
R (3.29)
~ o~ ~ ~ 0\ o T,
BQ2FKg + (Ql + Qz) Fe= 9y
recalling (3.14)
Qi = QiR i F) = Wi (Tu(Ro, %o F), L (Ro, R F)) , fori € {1,2). (3.30)

The search for solutions of the equilibrium equations (3.29) is equivalent to determining the zeroes of the
vector equation

FloRiF) = A (R F) &~ 7(0) = 0, (3.31a)
with
R [0+ 0,1 +p82F) BOF 1 [70/0?
R=| |, A(RF)= o | ad R =3 (3.31D)
Kz BQ2F Q1+ Qs /0

By the implicit function theorem, there exists a unique smooth solution for K in a neighbourhood of any point
at which the Jacobian matrix 0f /9K is non-singular. However, in general, this solution is only implicit and not
in a closed-form. In the following section, we discuss some models for the strain energy function for which it is
possible to recover closed-form globally defined solutions.

Once the shear strains have been determined, the helical shear deformation can be obtained by solving the
following initial value problems

(3.32)

(20) =0, @(e0) =0,

where the initial conditions for QZ and @ have been deduced from the boundary conditions (3.6) and the non-
dimensionalization (3.24).

4 Equilibrium configurations in specific classes of materials

In this section, we study the equilibrium problem in some specific classes of incompressible elastic materials in
the presence of distributed axial screw dislocations. Specifically, we consider the models discussed in §2.3.
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4.1 Neo-Hookean materials

For the neo-Hookean model (2.23), the simplest truncation of (2.22), the dimensionless strain energy reads
JAmH 1
wht = 5(11 -3). (4.1)

The reduced equilibrium equations (3.29) directly yield the shear strains

T
Rg = BOR

0

~ 4.2
~ Tz ( )
Ry, = —

0

Integrating the Cauchy problems (3.32) for (4.2) yields the azimuthal and axial displacement fields

Blo) =7 <ng - 912) and  @(g) = 7. In (Qi) : (4.3)

It clearly emerges from the exact solutions above that the equilibrium configuration of a neo-Hookean
material is unaffected by the dislocations: the function F' occurs in neither the shear strains (4.2) nor the
displacement field (4.3), which in fact is identical to that of a dislocation-free neo-Hookean tube. Indeed, F
enters (3.29) only through the dependence of Q; on {1, I} and as a multiplicative factor to Q,, both of which
degenerate for the neo-Hookean model, so the dislocations drop out of the reduced equilibrium equations before
any solving. The incompressibility Lagrange multiplier is likewise unaffected and, from (3.23) and (4.2), reads

plo=1-2(1-2). (440)

The stress field, by contrast, captures the dislocation effect: from (3.15), (3.16), (4.2) and (4.4), exactly two
components of the (dimensionless, physical) Cauchy stress tensor are affected

~0z _ 107z n ~2z _ 19 1 Tz 2 772
The dislocations’ contributions in (4.5) are additive and do not couple with the applied tractions: at zero load

the tube carries the residual stresses 697 = —Bﬁ and 0%% = BQﬁQ, the former odd in 8 and hence chiral, the
latter even.

4.2 Generalized neo-Hookean materials

For generalized neo-Hookean materials, the dimensionless strain energy function may be recast as

went — 1Jfg“H(I ), with F&H = drent >0 and FEH(3)=1 (4.6)
T2 v A 1 T '

Thus, the reduced equilibrium equations (3.29) read as follows

ReFE (D) = 2,
(4.7)
R = 2,

recalling that I; = 3 + ﬁ2ﬁ2 + &2 + k2. The dislocation field enters (4.7) only through the argument of .anH,
and is therefore inert whenever that derivative is constant, i.e. when F&"H ig affine in I;, which is the case of
the neo-Hookean model (2.23) addressed in §4.1. Otherwise, the distributed dislocations affect the equilibrium
configuration itself.
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The reduced equilibrium equations (4.7) yield the following relation between azimuthal and axial strains
7/:97%2 = 97/:27%0 . (48)

This relation, which is universal in that it does not depend on the constitutive function F&"H within the
generalized neo-Hookean class, tells us that a pure axial (respectively, azimuthal) load, i.e. 7y = 0 (respectively,
7. = 0), does not induce any azimuthal (respectively, axial) shear, and, in the most general case in which the
shear boundary traction has two non-zero components, the ratio between the azimuthal and axial strains is
known everywhere in B. In particular, assuming that 7y # 0, the system of two nonlinear equations (4.7) may
be reduced to a single equation in terms of Ky as

RoFE™ (1) = ;i, (4.9)

where [} = 3+[32ﬁ2(g)+(1 + (72/73)0?) R}, and with K. = 07.Rg/Tp. Closed-form solutions for (4.7)—or (4.9)—
require a specific constitutive function, and we specialize in the subsequent subsections to three examples of
generalized neo-Hookean models.

4.2.1 Universal relations

Before proceeding with the solution of the equilibrium equations (4.7) for specific generalized neo-Hookean
models, we generalize to the case of distributed axial screw dislocations the universal relations in terms of
the Cauchy stress tensor found by Horgan and Saccomandi [2003]—motivated by the fact that the universal
relation (4.8) identically coincides with the one obtained in [Horgan and Saccomandi, 2003] for the undislocated
tube.

To this end, we first report the dimensionless physical components of the Cauchy stress tensor (3.15)

57 — —p4 2 (4.10a)
5% = _p 4 2 (1+72), (4.10Db)
57 = —p+ 27 (14 B2 +72) (4.10c)
om0 = 2 FErtn, (4.10d)
67c = oFE g (4.10e)
%% = ol (ﬁzﬁg - ﬁﬁ) . (4.10f)

Since FE"™™ > 0, by (4.10¢) and (4.10d), the shear stresses "¢ and 577 vanish precisely when the shear strains g
and k, do, respectively; they cannot therefore vanish simultaneously unless the tube is undeformed. Without
loss of generality we take 6"% # 0, which amount to assuming %y # 0 and equivalently 7y # 0. Under this
assumption, by (4.10a) and (4.10b), the normal stresses 5" and 3%° cannot coincide, viz. %% — 5" # 0. Next,
we solve (4.10a) and (4.10b) for the Lagrange multiplier p and the .anH, substitute the results in the remaining
equations in (4.10) and obtain the following identities

(6% — "R = (6% — ") (B2 + B2F?), (4.11a)

"%y =0 — 5™, (4.11b)

"R = (6% -Gk, (4.11¢)

6712 = (6% — 5"")(R.Re — BF). (4.11d)

Now, we express the axial and azimuthal strains in terms of the components of the stress tensor. From (4.11b)

and (4.11c¢) one finds

— 0 ~ g g

~00 ~rr ~rz (~00 ~rr
o (@ —a)
and K, = Gy ,

ko = oro

15



which, substituted in (4.11a) and (4.11d), yields the following two nonlinear universal relations
(/0_\90 _ 37“7") [arz (899 _ ar'r) _ 31»9392] _ Bﬁ (37»9)3 , (4-132%)
(6_\09 o ETT) [(ar0)2 (/J\zz o arr) o (a\rz)Q (300 o 8TT)} _ 62ﬁ2 (ar9)4 . (413]1))

Unlike (4.8), the relations (4.13) carry the dislocation field explicitly, the eigenstrains entering as the prescribed

function BF of position. Eliminating the latter between (4.13a) and (4.13b), recalling that 5™ # 0 and
% — G +£ 0, yields

(6:r0)2 {(are)z (azz o a\,rr) o (&\rz)? (390 o /J\rr)} — (899 . 6\,7“’[‘) [ETZ (/0\99 o ETT) o ar@&@z]Q ’ (414)

which involves neither the constitutive function nor the dislocation density, but this independence should not
be overstated. Relation (4.14) holds for a generalized neo-Hookean tube with a screw dislocation distribution
taken a priori to be axial and radially symmetric. Its universality is thus relative to the class of generalized
neo-Hookean tubes carrying such a dislocation field, whatever its density—as any universal relation is relative
to the class of deformations within which it is derived. In the absence of dislocations, i.e. F' = 0, the right-hand
sides of (4.13) vanish and, dividing by the non-vanishing factor % — 5", one recovers the relations of Horgan
and Saccomandi [2003], namely

(/0_\99 _ arr) 5% = a\_r@a_\f)z and (a_\zz _ a_\rr)a_\r& _ A7*z/0_\9z , (415)

so that (4.13) extend (4.15) to tubes carrying distributed axial screw dislocations.

4.2.2 Fung—Demiray materials

Specializing to the Fung—Demiray model (2.26), the equilibrium equation (4.9) reads

/\2 o~
Ko exp {c (BQF2 + (1 + Z’Zgz> Eﬁ)] = T—Z , (4.16)
T, 0
which is solved in closed form for the azimuthal strain:
~ T 1 2c(720% + 72 ~
Rolo) = Dexp |~y Wo| —AZE T ) cgpegg)| (.17)

o* exp (2662132(@))

where W denotes the principal branch of the Lambert W function [Corless et al., 1996]. Using (4.8) and (4.17),
the Cauchy problems (3.32) can be solved by quadrature, resulting in

i o o
w@/ﬁfhéwd@@g/ﬁ%@%- (4.18)
Q0 Q0

The Fung—Demiray material places no restriction on either the dislocation strength or the load. The argument
of Wy in (4.17) being non-negative, Wy is the only real branch, and (4.17) is the unique solution of (4.16),
whose left-hand side is a strictly increasing bijection of R in ky. An equilibrium configuration thus exists, and
is unique, for every dislocation strength and every load, with no limit load. Since Wy > 0 on [0, +oo], (4.17)
yields the bound |Rg|< |Ta|o™2 exp(—cﬁQﬁ 2), attained asymptotically as the dislocation strength 3 — oo. This
bound is also asymptotically reached with vanishing tractions, so that to leading order in the tractions, the
dislocated Fung-Demiray tube responds as a neo-Hookean tube with a shear modulus raised pointwise by the
factor exp(c82F?). As ¢ — 0 the argument of Wy in (4.17) vanishes, so that (4.17) tends to the neo-Hookean
solution (4.2), consistent with the fact that the Fung—Demiray model itself tends to the neo-Hookean one in
that limit.

Example 4.1. We further specialize this case to a numerical example by assuming a uniform Burgers density,
b = 1. This yields the following auxiliary dislocation function

F(o)=0- %0 : (4.19)
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Figure 1: Helical shear of a Fung-Demiray tube with the constant-density profile (4.19), at oo = 1/2 and 79 = 7> = 1. (a)

Azimuthal and (b) azial displacements at ¢ =1 for B € {0,1,2,3}, all profiles sharing a common inner-wall slope since F(gp) = 0.
(¢) Azimuthal and (d) azial displacements at B =1 for ¢ € {1/10,1/2,1,2}, with the neo-Hookean limit (4.3) as ¢ — 0 (dashed).

We further set g9 = 1/2 and 7p = 7, = 1. At fixed stiffening parameter ¢ = 1, all displacement profiles leave the
inner wall with a common slope and separate outward as F grows, see Figs. la and 1b. The effect is mild at low
dislocation strengths and intensifies with increasing 3, until the factor exp(—c3%F?) all but suppresses the shear
near the outer wall, where the displacements saturate. At fixed dislocation strength 8 = 1, the displacements
decrease with ¢ and approach the neo-Hookean ones (4.3) as ¢ — 0, see Figs. 1c and 1d. Unlike 8, ¢ also lowers
the inner-wall slope, since there the stiffening is driven by the shear alone.

4.2.3 Gent material

Assuming a Gent material model (2.27), the equilibrium equations (4.7) may be written as

Jm/\ T o~ AZA
et —2 o T—Z Re=0 2. (4.20)
I = B2F2(0) — (RG +R2) @ 7o
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with the latter as given by (4.8). Any solution to (4.20) must satisfy the Gent limited-extensibility restric-
tion (2.28), which, by (3.28), reads

R3(0) +R2(0) < Jm — BF(0), Vo€ [00,1], (4.21)

as a pointwise limit on the helical shear strain, with &2 + &2 saturating at an extensibility limit eroded by
the dislocation field from J, to Jn, — B2F2(p). Further, following (4.20), at the limit of (4.21), one has 7
(or, equivalently, 7,) — oo. Thus, in spite of the admissibility cap on the strain (4.21), the model is well
posed for every traction. Note that deformations beyond (4.21) would require richer kinematics than the helical
ansatz (3.5).

Remarkably, this pointwise restriction reduces to a single global condition: an admissible solution to (4.20)
exists if and only if

(% max F2( )< Jm s (4.22)
0€[00,1]

which is a global condition on the dislocation field alone; unlike the pointwise restriction (4.21), it involves
neither the shear strain nor the applied tractions. Indeed, necessity is immediate: by (4.21), an admissible
solution satisfies J,, — 82F2(p) > K2+ R2 > 0 at every o € [go, 1], whence (4.22). Conversely, assume (4.22),
so that ﬂQﬁQ(g) < Jp, for all g € [go,1]. Recalling the working assumption 7p # 0 and kK, = o7,Kg/7p, the
admissibility condition (4.21) may be recast as

Jm B ﬂZﬁQ(‘Q)

= 4.23
1+ 0272 /75 (4.23)

—Kfmax < Ko < Kfmax » with Komax =

Introducing
Jmk\e

[T — B2F2(0)] = (1 + 0°72/73)R3
equation (4.20) reads ®(Kg) = Tp/0*. On the interval (4.23), ® is differentiable, with first derivative with respect
to Kg

B(Rg) = : (4.24)

do J,, — B2F? 1 . . N
L BN + L+ TR VR € |~ Romax, Romax| » (4.25)

o L = 2F2(0) — (14 27270083

whence it is strictly increasing. Moreover, since ®(Kg) — £00 as Ky — *Rgmax, the intermediate value theorem
and the strict monotonicity of ® ensure that it maps | — Kgmax, Romax| bijectively onto R, so that (4.20) admits
exactly one admissible solution kg for any traction 7y, carrying the sign of 7y since ®(0) = 0. The Gent
model hence places no cap on the applied tractions: under proportional loading, i.e. at fixed ratio 7, /7y, the
extensibility limit bounds the strain alone, |Kg| approaching Kgmax only as |Ty|— oo; and by (4.20), the same
holds for the axial strain, |k, | approaching o|7. /7p| Romax only as |[T,|— oco. In the absence of dislocations, (4.22)
holds trivially: an equilibrium configuration of the form (3.5) exists in any tube. In their presence, (4.22)
is necessary and sufficient for such a configuration to exist, and caps the dislocation strength accordingly.
When (4.22) fails, the Gent model is incompatible with the dislocation content of the body within the helical
class (3.5). Provided (4.22) holds, the unique admissible solution of (4.20) reads

- ~ . TR
/‘39(9) :Teh(Q; Jm,ﬂ), Ky =0 ?‘99 ,
— = (4.26)
i ) = 2 24 \JT2.00 + 4G + *F2) [ — B2F2(0)
wi 1 )
‘ %m+g@>
Using (4.8) and (4.26), the Cauchy problems (3.32) may be solved by quadrature, resulting in
~ - [Ch(& T, P ~ [°
Y(o) = T@/ de and w(p) = Tz/ Eh(&; I, B)dE . (4.27)
©o ©o

Note that h(o; Jm,8) tends to 1/¢? as J,,, — oo. Therefore, the solutions (4.27) tend to the solutions (4.3) for
neo-Hookean materials as it is reasonable to expect as the Gent model tends to the neo-Hookean model in the
limit as J,, — +o0.
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Figure 2: Locking crossover in a Gent tube with the constant-density profile (4.19), at Jy, = 76.48 and go = 1/2. (a) Residual
extensibility margin fraction (Jm — ne —R2 — BQFQ)/Jm at T9 = 7> = 1, all curves sharing a common inner-wall value since

ﬁ(go) = 0. The narrowest margin lies at the inner wall for § < B*, at both walls at B = B*, and at the outer wall beyond. (b)
Crossover density *(Tg) for 7. € {0,1/2,1,2}: the inner wall has the narrowest margin below each curve, the outer wall above it.
All curves tend with increasing Ty towards 3*°.

Example 4.2. Let us further specialise this case to a numerical example, focusing on the interplay between
the dislocation field and the limited extensibility of the Gent model. To this end, we assume a uniform Burgers
vector density, leading to the auxiliary dislocation function (4.19), i.e. F(g) = o—02/0. The global admissibility
condition (4.22) hence reduces to

\/T

1_

B8 < = Pmax » (4.28)
a cap on the dislocation strength that tightens with a more limited extensibility (smaller .J,,,) and with a thicker
annulus (smaller gg). Further, for the uniform dislocation density case, the cap (4.28) represents a necessary
and sufficient global condition for the admissibility of the solution (4.26) independently of the strain state of the
tube. The strain itself, however, remains subject to the pointwise restriction (4.21), and we define the residual
extensibility margin as

25
Me35) = I~ Rh(0) — R2(0) — 8 (o - db/o) = 280D, (4.29)
with the second equality following from (4.20).

In light of (4.21), dislocations and shear draw on J,,, from opposite ends of the annulus: BQﬁ 2() vanishes at
the inner wall and grows outward, while %3(0) +®2(0) = (1 + 0°72/77)"3(0) concentrates at the inner wall and
decays outward.® One may further show that M admits no interior minimum, so that the margin is narrowest
at one of the two walls.” Fig. 2a shows the margin fraction M(p; 3)/J,, for different dislocation strengths 3.
At low dislocation strength 3, the margin is narrowest at the inner wall, where the shear concentrates; as 3
increases, the outer-wall margin closes until the narrowest point migrates there. This suggests the existence of
a crossover density S* such that, for 8 < §*, the inner wall governs the extensibility margin, while for 5 > g*

SDifferentiating (4.20) with respect to g, a prime denoting d/dg, and setting D = Jmo? + 2(1 + ¢°72 /75 )ToRe > O—recalling
that TpRg > 0 as discussed followmg (4.25)—one finds (K2) = —2[20(72 /72 )ToRy + 2827 R FF + 2Jmok3]/D and (K3 + ®2)' =
—2[Jmo(2 + 0272 /T2)R2 + 2(1 + 0°72 /T9)791€962FF 1/D, both strictly negative as FF' >o0.

7D1Pferent1at1ng (4.29) with respect to ¢ and eliminating &, one finds M’ ( ) = 2ng[(2 + 0?72 /T2)RZ — B2(0® — 0§/0*)]/ D,
with D > 0 as in footnote 6. The bracket in M’(p) is the difference between K “0 + (RZ + ®2), p0s1t1ve and strictly decreasing by
footnote 6, and ,32( 4/g ), strictly increasing and vanishing at go. M/ () is hence positive at go and changes sign at most
once, so that M increases and then possibly decreases on [go, 1], attaining its minimum at gg or at o = 1.
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the outer wall does; it is defined as the dislocation strength at which the residual extensibility margins at the
two walls are equal. By the second equality in (4.29) and (4.26), 8* is implicitly defined by®

h(1; o, B%) = 05 h(00; Im) - (4.30)

For the parameters of Fig. 2a, * ~ 4.66, against Smax &~ 11.66. Following (4.26), h(1; J,,, ) is positive and
decreases strictly with 3, tending to 0 as 8 — Bmax, while h(1; J,0) > 02h(00; Jm) > 0 since M increases
strictly in the absence of dislocations. The intermediate value theorem thus yields that S* exists and is unique
1 (0, Bmax)- It depends on the tractions only through 72 and 72, and is found to increase with 7 as the inner
wall is driven harder, the axial traction raismg it at low Ty and slightly lowering it at high 75, see Fig. 2b. As
79| — oo at fixed 7., one has Rg — sign(7))v/(Jm — B2F2) pointwise, and (4.30) yields the asymptotic crossover

density
[ Im 1 + /
/B*Oo QO Bmax 1-— Qo < Bmax . (431)

Assuming a Knowles material model (2.29), the reduced equilibrium equation (4.9) reads

4.2.4 Knowles materials

|7_ |2n 1

n—1
R {Tg + — [A262F2( )+ (7'92 + QQ?ZQ) Ez}} = &gn(m)T . (4.32)

To investigate the existence and uniqueness of solutions to equation (4.32) conforming to the helical ansatz (3.5),
we find it convenient to define, for all g € [gg, 1], the odd function

n—1
Ho:CERM( {70 + - [AQﬁQFQ( )+ (7 + 072) ¢ } , (4.33)
so that (4.32) reads H,(Kg) = sign(7y)|7s|*" 1 /0?. Introducing, for all ¢ € [go, 1], the strictly positive functions
b on b
Alo) =75 [1 + nBQFQ(g)] and B(p) = - (75 + 0°72) | (4.34)

so that H,(¢) = ¢ [A(o) + B(Q)Cz]n_l, differentiation yields

1) = [Alo) + B(0)¢*]" " [Ale) + (2n — 1)B(0)¢?] - (4.35)

The first bracket in (4.35) is strictly positive, so the sign of ?—[’g is that of the second, and hence that of 2n — 1.
The same quantity fixes the behaviour at infinity, since H,(¢) ~ B"1(9) (*"~! as ( — +oo. The power-law
index n = 1/2 therefore separates three regimes.

(4) If n > 1/2, the function H, is strictly increasing and tends to oo as { — +o0o, hence maps R bijectively
onto itself, and there exists a unique equilibrium configuration of the form (3.5) for any 7y. Note that the
graph of H,, is convex on |0, ool if n > 1 and concave if 1/2 < n < 1, degenerating into a straight line at
n = 1, where the Knowles model reduces to the neo-Hookean one;

() If n =1/2, the function H, is strictly increasing but bounded by

1
lim H = 4+H>. 4.36
(—Eoo o(6) = 2b(75 + 0°72) ¢ (4.36)
It follows that H, maps R bijectively onto ]—7—[3",7—[30 [. Since the right-hand side of (4.32) reduces to
sign(7p)/0* at n = 1/2, and M, being odd, a solution exists if and only if H3* > 1/¢? for all ¢ € [0, 1],

that is
T2 ?2 1
r + <75 for all o € [0, 1]. (4.37)

8In (4.26), B enters only through ,82ﬁ2, which vanishes at the inner wall, so that h(go; Jm) carries no dependence on the
dislocation strength.
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The left-hand side decreases with o, so the constraint binds at the inner wall and reduces to the requirement
that the boundary shear lies in the elliptical disk

~2 22

Th T, 1

-+ =< =. 4.38
% o 20 (4.38)

If 0 < n < 1/2, the function H, is strictly increasing on | — K}, K[, with

|7'9|\/ n+bﬁ FJF(Q) 23y (4.39)

strictly decreasing on | — oo, —kj[ and on ]&j, +00[, attains at ££j its extremal values

n—1
iH;nax -+ [2(1; Tl):|

~ —1/2 .
n + b32F% (o) .

1—2n

(4.40)

b(T; + 0*72)

and H,(¢) tends to zero as ( — =£oo. The image of #H, hence being [fH;“ax,Hglax], equation (4.32)
admits two solutions if Hp** > |79|>"~1 /0%, exactly one if the two sides coincide, and none otherwise.
Introducing

n—1/2

S, (0:8) = V20, [n + bﬁ:?ﬁ?(g)} . with C, = [”)] o (1—2n)/2 ™ (4.41)

2(1—-n

the requirement H;'** > |79|>"~1/0® reads, at each radius, as the condition that the outer-boundary
tractions belong to the open elliptical disk

~2 ~2 2
R P R 1 (4 1))
En(0:B) = {(Te,rz) AT E S T : (4.42)

whose semi-axes 025, (0)/V2b = Tomax(0) and 0S,,(0)/V2b = Tomax(0) are the limit loads that the radius
o sustains in pure azimuthal and pure axial shear, respectively. Imposing this at every radius, there exist
two equilibrium configurations of the form (3.5) if and only if the tractions lie in the admissible region

g’”(ﬁ) = ﬂQG[Qo,l] En(@a 5)7 that is

ma ( N ) <2 (4.43)
X —_— . .
e€leo,1] \ 0*S2(0;8)  0%2S2(0; B) 2b

This pointwise erosion need not reach &,(5). Being an intersection, the admissible region is fixed by
whichever radii are active on its boundary, and so long as the core disk E,(0g)—itself independent of
[S—stays contained in every other constituent disk, one has &,(8) = E,(go): the dislocation field leaves
the admissible tractions untouched even though it lowers the ceiling at every interior radius. Erosion sets
in only once some interior disk first cuts inside the core one. As an intersection of compact convex sets,
&.(B) is compact and convex; however, once more than one radius is active, it is no longer an elliptical
disk, as distinct arcs of its boundary being supplied by distinct radii.

The analysis above is summarised in Fig. 3, which shows H, at representative values of n spanning the three
regimes. N

Note that the dislocation field shapes the equilibrium at every n, entering H, through 32F?(g), but governs
its existence only below the critical exponent. For n > 1/2 no restriction arises at all; at n = 1/2 the condi-
tion (4.38) carries no f; and only for n €]0,1/2[ does (4.43) depend on the dislocation content. To gauge that
dependence, we compare the pointwise condition (4.42) with its dislocation-free reduction

5_\2 CTQLnQn—l }

/\2

T
E,(0;0) =14 (79,7>) : 04z < 4.44
(0;0) {(797) ot 2 b ( )
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Figure 3: Qualitative behaviour of H, at a fized radius, for values of the power-law index n spanning the three regimes. Forn > 1/2
the function is strictly increasing and unbounded, degenerating into a straight line at n =1, so (4.32) admits a unique solution at

any traction. Atn = 1/2 it still increases but saturates at THS°, and a solution exists only below that threshold. For n < 1/2 it

attains £HY* at £Rj and decays to zero thereafter, so there are two solutions below Hy**, ezactly one at it, and none above.

These disks are nested, the innermost being that of the bonded core, so that £,(0) = E,,(0¢). Since n—1/2 < 0,
it follows from (4.41) that S, (0;8) < V2 C,,n"~'/? throughout the annulus, with equality only at the bonded
core, where F vanishes. Dislocations thus contract every constituent disk E,,(g; 8) with ¢ > gg, strictly so as
B grows, while leaving the core disk E,(gp) untouched. Being their intersection, the global admissible region
En(B) equals &,(0) so long as E,(gp) is contained in every other constituent disk; once one of them ceases to
contain it, the dislocation field erodes &, (). The two cases converge continuously at the critical exponent. As
n — 1/27 the exponent in (4.41) vanishes and C,, — 1/v/2, so that S, — 1 independently of both  and p,
and (4.43) reduces to (4.38). The S-independence at n = 1/2 is therefore the limiting form of the admissibility
region erosion mechanism above, the contraction of the constituent disks weakening as n — 1/27 and switching
off with the exponent that carries it.

Example 4.3. Let us further specialise this case to an example featuring the effect of the dislocation field
on the admissible traction region, assuming n < 1/2 and a uniform Burgers vector density—resulting in the
auxiliary dislocation function (4.19). Recall that, in the absence of dislocations, S, is constant and both semi-
axes of (4.42) increase with p, so that the disks are nested and &,(0) = E,,(09). A dislocation field acts solely
through S,,, which by the exponent n —1/2 < 0 decreases outward, in competition with the growth of ¢ and 0.
The admissible traction region is hence eroded precisely when this competition breaks the nesting, and it does so
one semi-axis at a time: nesting holds in the azimuthal and axial directions if and only if Tomax(00) < Tomax(0)
and Tomax(00) < Tomax(0) respectively,” which, following (4.41), read

4/(1=2n) _ 4

5 < % (9/Qo)ﬁ2(g) =G%0), (4.45a)
2/(1-2n) _

52 < % (Q/Qo)ﬁQ(Q) 1 o)., (.45b)

for all o €]og,1]. Both G? and GZ diverge at the bonded core, F (00) vanishing, and attain their minima
at interior radii, yielding the two thresholds 3¢ = ming,, 1 VG and 2 = minj,, 1) /G5 —see Fig. 4a. Since
0/00 > 1, one has G’% > G% on oo, 1], whence 82 < [32, the two thresholds separating three cases.

e Nested disks, 8 < [Z. Both nesting requirements hold, so that &,(8) = E,(00) and both limit loads retain

9Recall that Tomax(0) = 02Sn(0; B8)/V2b and Tymax(0) = 0Sn(0; B)/V/2b are the semi-axes of the open elliptical disk (4.42).
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Figure 4: Nesting thresholds and limit loads for a Knowles tube with n = 1/4, b = 1 and g9 = 1/2, with the constant-density
profile (4.19). (a) The nesting bounds (4.45), plotted as /Gy so that nesting holds in the corresponding direction precisely where
B lies below the curve: both diverge at the bonded core and attain their minima at interior radii, yielding BZ ~ 2.41 at o =~ 0.78
and BTQL ~ 4.94 at o =~ 0.61. (b) The limit loads, normalised by their dislocation-free values, versus B: each stays at unity until its
oun threjhold is crossed and decays thereafter, the straight tails on the doubly logarithmic azes exhibiting the common rate 3271,
here —1/2.

their dislocation-free values 035, (00)/v2b and 005, (00)/v/2b. Although the ceiling in (4.42) is lowered
pointwise at every g > gg, the global admissible traction region is left unchanged;

e Asymmetric erosion, B2 < B < 2. The axial nesting requirement fails on a subinterval of ]gg, 1] while
the azimuthal one persists: the dislocation field lowers the limit load in pure axial shear while leaving the
pure azimuthal one untouched. Accordingly, &,(8) € E,(0o), the two regions still sharing the azimuthal
extremities of their boundaries;

e Full erosion, B > ﬂz. Both requirements fail, both limit loads drop below their dislocation-free values,
the two regions no longer share any boundary point, and the admissible traction region shrinks in every
direction as 3 grows.

The three cases are illustrated in Fig. 5a, and read quantitatively off the limit loads in Fig. 4b, each of which stays
at its dislocation-free value until its own threshold is crossed and decays thereafter at the common asymptotic
rate 32"~!. Being an intersection of compact convex sets, &,(/3) is itself compact and convex, but outside the
first case it is no longer an elliptical disk, its boundary being assembled from contributions of distinct radii.
Both thresholds increase strictly with n, diverging as n — 1/2~ and vanishing as n — 07—see Fig. 5b: erosion
switches off continuously at the critical exponent, consistent with the S-independence of (4.38), whereas for a
strongly softening material an arbitrarily weak dislocation field suffices to erode the admissible traction region.

4.3 Mooney—Rivlin materials

For the Mooney-Rivlin model (2.24), Q; = /2 and Q» = (1 — a)/2 are constant, so the coefficients of (3.29)
do not depend on the shear strains and the reduced equilibrium equations yield the following linear system

~

[1 +(1- a)ﬂzﬁz(g)] Ro+ (1 —)BF(0)R, = % 7
(4.46)

~

(1 - a)BF(0)Re + Rz = %
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Figure 5: Erosion of the admissible traction region of a Knowles tube, at n = 1/4, b =1 and oo = 1/2. (a) The region E,(B)
for one dislocation strength in each case, against the dislocation-free region En(go) (black dashed); the thin tinted curves are the
constituent disks active on the corresponding boundary. At B = 2 the sole active constituent is En(00) and the two regions coincide;
at B = 3.5 the bonded core still supplies the azimuthal extremity while interior radii supply the rest; at B = 8 the core is inactive
and the two regions share no boundary point. Only the first quadrant is shown, the region being symmetric in both tractions. (b)
The two thresholds versus the power-law index n, partitioning the (n,3) plane into the three cases (shaded, from light to dark):
both increase strictly with n, diverging as n — 1/2~ and vanishing as n — 0.

Its determinant is 1+ a(1 — «)32F2(p) > 1. Hence, for any dislocation density and any applied helical traction,
(4.46) admits the unique solution

Zole) = 2= (1= a)BoF (o) 7 (4.47a)

02 [1 +a(l - a)ﬁQﬁQ(g)]

1A e)| o - (1 - @)BF ()7

Ralo) = = (4.47D)
¢ [1+a(l - a)3F2(o)]
Inserting (4.47) into (3.32) yields the Cauchy problems
P (o) = 7 — (1— a)BoF (0)7 ’
o [1 +a(l - a)ﬂ2ﬁ2(g)} (4.482)
{b\(QO) = 07
o) = [1 + (1~ a)ﬁﬂﬁ?(g)} 07, — (1 — a)BF(0)7s
v 0? [1 +a(l- Oz)BQﬁQ(Q)] ’ (4.48Db)
U)(Qo) - Oa
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whose solutions give the equilibrium configuration of the form (3.5) by quadrature,

(o) = /Q To = (1= )BEFOT: e (4.49a)
o & [1+a(l - a)g2F2(¢)]

o [L4+(1- )82 F2()| &7, — (1 — )BF ()
(0) = / de. (4.49b)

: €2 [1+a(l - a)s2F2(¢)]
One may see that, according to the solutions above, dislocations introduce a coupling of the axial and

azimuthal shear modes in Mooney—Rivlin materials: for o # 1 and  # 0, an axial traction 7, # 0 induces an
azimuthal shear kg # 0 even when 7y = 0, and conversely, namely

(1— a)BF(0)7:
0 [1 + a1l — a)52ﬁ2(g)

(1- 04)/31?(9)?0 _
¢ [1+a(l—a)BF(o)]

(4.50)

Rols, o = — Rale o=

Both induced shears are odd in 3 and the coupling is hence chiral: reversing the orientation of the dislocations
reverses the induced shear. This coupling has its origins in the off-diagonal entries (1 — «)SF of (4.46), and
two cases of decoupling follow. First, in the absence of dislocations, 8 = 0, one recovers the purely elastic
Mooney—Rivlin solution, in which the two shear strains are independent [Horgan and Saccomandi, 2003]. This
decoupling is not specific to_the Mooney—Rivlin model: in the absence of dislocations, the off-diagonal terms
of (3.29) vanish and I; = I, so that, for every material, neither traction induces shear in the other mode.
Conversely, since the Mooney—Rivlin model coincides with the most general incompressible isotropic model of
third-order elasticity [Rivlin and Saunders, 1951; Destrade et al., 2010], the induced shears (4.50) capture, to
leading order, the dislocation-induced coupling of every incompressible isotropic solid. Second, in the neo-
Hookean limit ov = 1, the modes decouple regardless of the dislocation field (cf. (4.3)).

In the remainder of this section, we specialize to the case of uniformly distributed dislocations, i.e. ﬁ(g) =
(0> — 03)/0 by (4.19). The Cauchy problems (4.48) hence reduce to

7o — (1 - a)B7. (0" — 0p)

V' (0) = g[g2+a(l—a)52(92—93)2] ’ (4.51a)
¥(00) =0,
(o) = 18+ (1= )52 — 6f)*] — (1 — )57 (0 — 0f)

olo? +a(l — a)B%(e® — 03)?] ’ (4.51b)
w(eo) =0.

If « =1 or 8 =0, the system (4.51) reduces to (3.32) with the strains (4.2), whose solution is given by (4.3). In
=w

what follows, we investigate the case where v €0, 1[ and 8 # 0. Setting = = 0%, ¢(z) = (o), and @(x) (0),
the Cauchy problems (4.51) recast as

Ty @ a@@ 1/ T\ 1
Vi) r 2 Qr) 2 ( ' Q%) Qx)’ (4.52a)
p(03) =0,
) — T, +as l—a ’x_% 1
0= (T3 w) LG - Yo (152b)
w(03) =0,
where
Qz) =z +a(l —a)p? (m - 93)2 , (4.53)
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and N R R R R
7o+ (1 —)BT.08 T 7o +2(1 —a)BT.02

= =—— = 4.54
a“ 20(1 — a)B2g8 a2 4aBo?’ 3 20302 (4.54)
It follows by integration of (4.52) that, back in terms of o,
~ 0 =
¥(0) = a1 |A(¢®) —In w1 — 2 A(e?), (4.55a)
% %0
2
@) =72 —ayln Q<g ) 4 ay [m Ly A(gﬂ : (4.55b)
©o 0 Qo
with , o
1 e dg ¢ dv
A0?) = = / _ 4.56
o Q0 oA (4.56)

where the second equality follows by the change of variable v = Q'(£).'° We may hence compute A as follows
depending on the sign of Al

1 VA
—— |arctanh — arctanh VA A>0,
VA [ Q'(¢%)
1
A% = @) L, A=0, (4.58)
1 VIA]
——— |arctan — arctan y/|A A <O,
VIA] [ Q' (%) Al

where, following (4.53), Q'(0?) =1+ 2a(1 — a)B? (0* — o). Note that, although the coefficients (4.54) diverge
as @ — 17 or B — 0, one may however find that (4.55) tends to the neo-Hookean solution (4.3) in both limit
cases.

4.4 Gent—Gent materials

For a Gent—Gent material (2.30), recalling (2.31), the dimensionless response functions 0, and O, appearing
in the equilibrium equations (3.29) read

~ oA adm

Q1(Ro, Rz F) = Rk (4.59a)
~ ~ 1—

Qs (R, ks F) = 31— a) (4.59b)

23+ B2F2 + (BFRy + R.)? + 12]

Inserting (4.59) into the equilibrium equations (3.29) yields a hlghly nonlinear system of equations; unlike the
generalized neo-Hookean case §4.2, the off-diagonal terms ,BQQF no longer vanish and the system does not
reduce to a single scalar equation. Similarly to the Gent case §4.2.3, the response function Q1 diverges as
I, — J,, + 3, and any solution must satisfy the limited-extensibility restriction

73(0) +R2(0) < Jm — BF2(0), Vo€ [00,1]. (4.60)

The response function @2 imposes no further restriction: since fQ > 3, it remains bounded, 0 < @2 <(1-a)/2,
and the extensibility limit is precisely that of the Gent model, i.e. (4.21). As for the Gent model, (4.60) implies
the global condition

8% max F%(o) < J, (4.61)
0€00,1]

10Using the identity Q'% — 4a(1 — a)82Q = A—where A = 1 —4a(1 — a)B2g2 is the discriminant of Q—and Q" = 2a(1 — )2,
it follows that
g da(l— a)52 _ da(l—o)p? dv _2dv (4.57)
Q) Q- 2—A 2a(l-a)f?  2-A '

HIf A > 0, we perform the change of variable tanh(¢) = VA /v; and if A < 0, we perform the change of variable tan(¢) = /|A]/v.
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Figure 6: Helical shear of a Gent—Gent tube with the fit (4.62), the constant-density profile (4.19), go = 1/2 and 79 = 7> = 1,
for B € {0,3,8%,8, Bmax}, with f* ~ 6.24 and Pmax ~ 11.66. (a) Residual extensibility margin fraction M(g;B)/JIm, all curves

sharing a common inner-wall value since ﬁ(go) = 0. The narrowest margin lies at the inner wall for 3 < B*, at both walls

at B = B*, and at the outer wall beyond, closing there as B — Pmax. (b) Radial profile of zz at different dislocation strengths.
(¢) Radial profile of @ at different dislocation strengths.

i.e. (4.22), which is therefore necessary for the existence of an admissible solution and caps the dislocation
strength independently of the applied tractions. For the Gent model, this condition is also sufficient, the proof
resting on the reduction of the equilibrium system (4.20) to the single scalar equation ®(Kg) = 7y/0* with ®
strictly increasing—cf. (4.24). For the Gent—Gent case, this reduction is no longer available, and we restrict
ourselves to necessity.

Example 4.4. In the absence of a closed-form solution of (3.29), even for the uniform dislocation density (4.19),
we resort to numerical solutions. Unlike the Mooney—Rivlin model, accurate up to moderate amounts of shear,
the Gent—Gent model captures the response of rubber-like materials up to the strain-hardening regime: fitting
the uniaxial-extension data of Dobrynin and Carrillo [2011], Destrade et al. [2017] found

Cy=au=47472Nmm 2,  Cy=(1-a)p=29650Nmm 2,  J, =7648, (4.62)
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so that « = C1/(C1+C4) = 0.616. We adopt the same extensibility limit, annulus gg = 1/2, uniform dislocation
density (4.19) and tractions 7p = 7, = 1 as in the Gent example of §4.2.3, so that the two tubes differ only
through the I5 term, and the necessary condition (4.61) again reads 8 < Bmax = 4v/Jm/3 ~ 11.66.

Fig. 6 shows the numerical solutions for different values of 3, including the crossover density $* and the
limiting case 3 = Bmax. The residual extensibility margin M(g; 8) = J,, — k3 — k2 — 32F2, as in (4.29), remains
positive throughout the admissible solutions (Fig. 6a), and its profiles reproduce the structure found for the
Gent tube. They share a common inner-wall value, since at gg, where F vanishes, the margin M is blind to the
dislocation field. Towards the outer wall, the dislocations erode the margln which Closes at o =1 as 8 = Bmax:
the eroded limit J,, BQF 2(1) vanishes there, and (4.60) forces kg, %, — 0 while 9, diverges: the outer layer
locks under the dislocation field alone, carrying any applied tractions with vanishing shear. Accordingly, the
outer-wall displacements 7,/} and w decrease with 3, so that the dislocations stiffen the tube in both shear modes;
ultimately the displacements profiles flatten near o = 1 as § approaches fyax (Figs. 6b and 6¢). As for the
Gent tube, the margin is found to be narrowest at one of the two walls, and a crossover density 5*, at which
the margins at the two walls coincide, separates inner-wall from outer-wall locking. Here £* = 6.24, against
[* =~ 4.66 for the Gent tube under the same conditions. Indeed, the Gent—Gent tube is softer in shear, the
stiffening Gent term carrying only the fraction a of the shear modulus, so that the inner wall, where the shear
is largest, draws more heavily on the extensibility limit, M(gp)/J = 0.70 for the Gent—Gent tube against 0.82
for the Gent tube, and the outer wall takes over only at a higher dislocation strength.

5 Weakly nonlinear analysis of the equilibrium problem

In the absence of dislocations, the cross terms in (3.29) vanish, so that for every material, neither traction
induces shear in the other mode, and any coupling between the two modes may only appear in the presence of
a dislocation field.!? In §4, we explore this coupling for some specific elastic energies in the finite strain regime.
In the present section, however, we concern ourselves with the case of small dislocation strengths and strains.
In this case, the response of any material is governed by a few elastic moduli, and the origin of the coupling can
be identified independently of the model. Here, we perform a perturbation analysis of the reduced equilibrium
equations (3.29) under the hypothesis that the dislocation strength and dimensionless shear stresses at the outer
boundary of B are small in the sense that

e = max{f, [, ||} < 1, (5.1)

retaining terms up to O(e®) in the shear strains, consistently with the weakly nonlinear theory of the fourth
order, in which the strain energy enters only through p, A and D via (2.20) and (2.21).** We search for solutions
0 (3.29) in the form

Ro= Y R with &™) =0(e™) forallm € Ny and a € {0, 2}. (5.2)

Inserting (5.2) into (3.29), recalling from (3.27) that F is bounded, and collecting terms of order o(1)
produces the following system

0 (1400) 0. 60 A )],
00 (.1%0) 00 (2 2 0)] o

which, under the assumption of strong ellipticity of the strain energy function,'® admits the unique trivial
R O

(5.3)

solution

12By coupling, we mean that a traction in one mode induces shear in the other, e.g. Ky # 0 under 7y = 0 and 7, # 0. This is to
be distinguished from an interaction, whereby each mode alters the stiffness of the other without inducing it, so that K9 depends
on T, but vanishes whenever 7y = 0, and vice versa.

I3 A fourth-order theory in the energy is a third-order theory in the stress: the stress, and hence the equilibrium equations (3.29),
are retained up to cubic terms in the strain.

4Strong ellipticity of W yields 0, (Rg,R=;0) + 0, (Rg,R=;0) > 0 for all (Rg, k=), as can be seen from the first condition provided
in [Ogden, 1984, p. 437, (6.3.124)].
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At O(e), the off-diagonal terms BO2F R, are of higher order, and recalling E((, )=z =, (3.29) yields

[1(0,0:0) + Q:(0,0:0)] 7" = 27—;’2
(5.4)
[Ql(o 0;0) + 02(0,0; 0)] & = Q.
Since @1(0, 0;0) + @2(0, 0;0) = 1/2 by (2.20), it follows that
~ 7/:0 ~ ?z
R0 =25. =" (55)

in which the two modes remain uncoupled and the dislocation field invisible: at first order, every material
responds as the neo-Hookean tube (4.3).
At O(?), the off-diagonal terms now survive the expansion, so that (3.29) yields

LR 4 50,(0,0,0) FAY =0,

2
(5.6)
§A(2 +80,(0,0;0) FRY = 0.
With Q5(0,0;0) = Wy (3,3) /i = — (1 + A/(41)) /2 by (2.20) and (2.21a), it follows that
- - A\ F
’i((f)(Q) = fT: (1 + 4) Flo) )
H 1%

~ (5.7)
2\ e AN F(o)
Kz (Q) = 57'9 (1 =+ 4,[,L> 02 .

The dislocation field couples the two modes at this order, each traction inducing a shear in the other mode.

This coupling is chiral, being odd in 3, and is carried by Ws(3,3): it is absent in the dislocation-free tube and

in materials with W5 (3, 3) = 0, such as the generalized neo-Hookean ones of §4.2. Since 1+.4/(4y) = a— 1 with

a as in (2.24), (5.7) coincides with the leading-order expansion of the Mooney-Rivlin induced shears (4.50): to

second order, every material couples the two modes as the Mooney—Rivlin tube with the same y and A.
Further proceeding with the collection of O(g3) terms, (3.29) yields

1 co L . N o] N o
SFS [ (8272 4+ ®D)2 4+ (D)) + 8 0a(0,0:0) F2] (1 + 8 ©2(0,0:0) PR =0,
(5.8)
1. = ~ 5 . ~ =
SR K (B2F2 + (3012 + (B2 ) 7Y + 8 Q2(0,0,0) Py =0,
where _ _ _
Wit +2Wi + W 3, 1 D
oo Dt Pt W0 _1(, 4 D), 59
% T2 2p
by (2.20) and (2.21). Using (5.5) and (5.7), it follows from (5.8) that
A3y T | A D\ (7 72 2 A A* DY o
"o (Q)_QQ[ (1+2u+ )<Q4+Q2 T T iee W) )
(5.10)

. 7, A D 7 A D\ g
W[5 D) (G 5) o (B - 5) )

At this order, the two shear modes interact, yet neither traction induces shear in the other mode: 7y = 0
still yields 7%1(9‘3) = 0, and 7, = 0 still yields 7% = 0. The interaction resides entirely in the dislocation-free
contribution, the first terms in (5.10), which correct the stiffness of each mode in proportion to the combined
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Table 1: Sup-norm difference between the weakly nonlinear solution (5.11) and the numerical solution of (3.29), for a Gent—-Gent
tube with the fit (4.62), the constant-density profile (4.19), oo =1/2 and B =Ty =T7» = €.

£ H'(/)num — wapproxHoo ||wnum _ @approx”oo
1x 10T 1.447 x 107° 1.071 x 107°
5x 1072 9.513 x 10~7 6.860 x 1077
1x 1072 1.512 x 10~° 1.104 x 10~°
5x 1073 9.439 x 1011 6.904 x 10~ 11
1x 1073 1.509 x 10713 1.105 x 10713

shear traction quantity 77/0% + 72/0?. The dislocation contribution, the terms in 52, corrects the stiffness of
each mode in proportion to its own traction only.

Integrating (3.32) with K, = [ S e O(e%), a € {0, 2} yields the helical solution (3.5) within the
weakly nonlinear theory of the fourth order

S (LN e (LAY [TE@
Fo=5 (G 3) (5 [ S

]

. 1+A+D 201 1 +?§ 11
_= A Pyl Lt Lty =41 1
i 20 p) [ 6 \o§ of 4 \o§ o

~ A A? D ¢ F2(p)
2 ad v - 4
+ %7 <1+ m + 16,2 M) /QO I do+ O(e), (5.11a)

g = —
@(0) = 7. In £ + 57 (1 + A) / ) 45
Qo 00 @

ap

A<1+A+D>[?€2(1 1>+?§(1 1)}
s A P\ (2 LA\, (L L
2u  p) |4 \eg o 2 \agg o

_ (A2 D\ [2F%p) .
2 v 4
+ 57, (16“2 u) /@Q —~dp+ O(e). (5.11b)

Example 5.1. Let us assess the weakly nonlinear theory on the Gent—Gent tube of §4.4, with the annulus
00 = 1/2 and the uniform dislocation density (4.19). For this density, the integrals in (5.11) evaluate to

o (5 2 2 0o 2/~ 2 2\(.2 9.2
/ F(@)dézlngfg 9% / F(@)dgzlng (0° — 05) (05 — 30%)
o o

- — + ,
, 0° 00 20? , 0 00 40* (5.12)
e 25 4 ’
/ _(g)dézg D 9wl
0 O 20 00

For the Gent—Gent model (2.30) with the experimental fit (4.62), the relations (2.31) yield the Landau moduli
p="T77122Nmm %,  A=-427088Nmm %, D =127159N mm 2. (5.13)

Table 1 compares the solution (5.11) with the numerical solutions of (3.29), for 8 = 7y = 7, = ¢, in the
sup-norm || f||lso= max ye[o,,1)| f(0)]- The differences decrease as e, confirming that (5.11) is accurate to O(e?),
with an O(e*) remainder. Fig. 7 illustrates the chiral coupling (5.7): under a pure axial traction, the tube twists
although no torque is applied, in a direction set by the sign of 8. At 7y = 0, the twist in (5.11) reduces to its
O(g?) term, which matches the numerical solution at |3|= 1/2 and departs from it near the outer wall at |3|= 1.

6 Conclusion
In this work we have studied, to the best of our knowledge for the first time, the problem of helical shear

in a nonlinear anelastic framework. We considered an incompressible, isotropic, hyper-anelastic thick-walled
circular tube containing a distributed field of axial screw dislocations, modelled through the Bilby—Kroner—Lee
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Figure 7: Twist induced by a pure azial traction, T9 = 0 and 7, = 1/10, in a Gent—Gent tube with the fit (4.62), the constant-density
profile (4.19) and po = 1/2, for =0, £1/2 and £1: numerical solution of (3.29) (solid) and weakly nonlinear prediction (5.11)
(black dashed). The twist vanishes without dislocations and reverses with them.

multiplicative decomposition of the deformation gradient and the associated material metric. The reduced
equilibrium equations form, at each radius, an algebraic system for the azimuthal and axial shear strains, which
we solved in closed form for neo-Hookean, generalized neo-Hookean (Fung—Demiray, Gent, and Knowles), and
Mooney—-Rivlin materials, and numerically for Gent—Gent materials.

The analysis reveals that the presence of distributed dislocations profoundly affects the equilibrium configu-
ration, though in ways that depend crucially on the constitutive class. For neo-Hookean materials the dislocation
field is inert: the kinematics of the deformation and the shear strains are identical to those of a defect-free tube,
and dislocations manifest themselves only through residual stress components. For generalized neo-Hookean
materials, the dislocation density enters the equilibrium equations through the first invariant and produces a
strain-stiffening effect, the helical shear decreasing as the dislocation strength increases. For Gent materials,
the dislocation field erodes the extensibility limit, yielding a global condition on the dislocation strength that
is necessary and sufficient for the existence of an admissible solution, independently of the applied tractions; a
crossover density separates regimes in which the extensibility margin is narrowest at the inner wall from regimes
in which it is narrowest at the outer wall, where the tube locks as the cap is approached. For Knowles materials,
the power-law index governs existence: for n > 1/2 a unique equilibrium configuration exists for any traction,
for n = 1/2 the tractions are bounded by limit loads independent of the dislocation field, and for n < 1/2 the dis-
location field erodes the admissible traction region beyond threshold dislocation strengths. For Mooney—Rivlin
materials, dislocations induce a chiral coupling between the axial and azimuthal shear modes, so that an axial
traction alone produces azimuthal shear and vice versa; this coupling vanishes in the neo-Hookean limit and
in the absence of defects, and is therefore a genuine anelastic effect. For Gent—Gent materials, the same cap
on the dislocation strength remains necessary, and the numerical solutions reproduce the erosion, outer-wall
locking and crossover of the Gent tube, the softer response in shear shifting the crossover to higher dislocation
strengths. We have also extended the universal relations known for generalized neo-Hookean defect-free tubes
to dislocated generalized neo-Hookean tubes. These relations retain the dislocation field explicitly and reduce
to the classical ones in its absence.

A weakly nonlinear analysis, to third order in the applied tractions and dislocation strength, then identifies
the origin of the mode coupling independently of the constitutive model. In the absence of dislocations, although
the two shear modes do interact, they do not couple for any material and at any order, neither traction inducing
shear in the other mode. Axial screw dislocations, by contrast, leave the shear response unaffected at first order,
i.e. within the linear theory of elasticity, while carrying a residual stress, and couple the modes chirally at second
order, i.e. within third-order elasticity, so that every material behaves there as the Mooney—Rivlin tube with
the same second- and third-order elastic moduli. At third order, no further coupling arises, but the modes
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interact through stiffness corrections involving the fourth-order elastic modulus: a dislocation-free correction,
proportional to the combined traction of both modes, which vanishes for neo-Hookean and Mooney—Rivlin
materials, and a dislocation correction, acting on each mode independently of the other, which vanishes for neo-
Hookean materials but not for Mooney—Rivlin materials. Compared with the numerical Gent—Gent solutions,
the expansion is accurate up to an O(e*) error and captures the twist induced in the tube by an imposed traction
on the outer wall. Notably, this twist is observed under pure axial traction, which isolates the mode coupling
unambiguously.

Taken together, these results show that helical shear, despite its kinematic simplicity, is a remarkably rich
probe of anelastic behaviour. It allows the effects of eigenstrains to be isolated, their interplay with constitutive
nonlinearity to be quantified, and the limits of validity of the models to be identified. The present work can
be regarded as a first step towards a systematic extension of the universal program of nonlinear elasticity to
defective solids: natural directions for future research include the analysis of other families of general solutions
in anelasticity, the study of compressible and anisotropic materials, the incorporation of more general defect
distributions and dislocation densities, and the comparison of the theoretical predictions with experiments on
soft materials with engineered eigenstrains.

A more challenging class of problems is represented by deformations, such as anti-plane shear, in which
the balance equations in the inelastic regime reduce to a single partial differential equation rather than to a
system of ordinary differential equations. These problems require mathematical tools that are considerably more
sophisticated than those used here — for instance, the theory of fully nonlinear elliptic equations, maximum
principles, and regularity results for quasilinear systems — and they raise genuinely new questions concerning
existence, uniqueness, and the possible formation of singularities in the presence of eigenstrains. Extending the
anelastic universal program to this setting would constitute a natural and ambitious next step and would bring
the analysis of defective solids closer to the mathematical standards achieved in the classical theory of nonlinear
elasticity.
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